
I. INTRODUCTION

éu�5ÚåÅ§>^Å§IþÅÏ~�±ÏLäkk�³�Klein-Gordon (KG)�§5ï�µ

Dφ(x, t) ≡
[
∂2
t − ∂2

x + V (x)
]
φ(x, t) = 0 (I.1)

�Ä��·�¥é¡��µ

ds2 = gtt(r)dt
2 + grr(r)dr

2 + r2
(
dθ2 + sin2θdϕ2

)
(I.2)

Klein-Gordon�§Iþ|�±L«�µ

Φ =
∑
lm

1

r
φlm(x, t)Ylm(θ, ϕ) (I.3)

k�³�µ

V (x) = −gtt
l(l + 1)

r2
− 1

2r

gtt
grr

[
∂rgtt
gtt
− ∂rgrr

grr

]
(I.4)

x�r�'Xµ

x =

∫ √
−grr
gtt

dr (I.5)

£***ùpaqu¿9�Ir*�r�'Xr∗ =
∫

1
f(r)dr***¤

�Ä��¤�Ü���µ

ds2 = −
(

1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2
(
dθ2 + sin2θdϕ2

)
(I.6)

d£1.5¤�±��:

x = r + 2M log
( r

2M
− 1
)

(I.7)

ÏL£1.4¤�±��³�µ

V (x) =

(
1− 2M

r

)[
l(l + 1)

r2
+
(
1− S2

) 2M

r3

]
(I.8)

£***Iþ©OéA|éAS=0§>^|ÚÚå|S=1,2***¤

II. PART II FORMALISM

£1.1¤¥�φ(x, t)�±��Xe/ªµ

φ(x, t) =

∫
dyG(x, y; t)∂tφ(y, 0) +

∫
dy∂tG(x, y; t)φ(y, 0) (II.1)

£***

∇2
0ψ (r0, t0)− 1

c2
∂2ψ
∂t20

= −4πq (r0, t0)

∇2
0G (r, t|r0, l0)− 1

c2
∂2G(r,t|r0,t0)

∂t20
= −4πδ (r − r0) δ (t− t0)

1��ªf¦G (r, t|r0, l0) 1��¦ψ (r0, t0) ���~2È©µ∫ t+
0
dt0
∫
dV0

{
G∇2

0ψ − ψ∇2
0G+ 1

c2

(
∂2G
∂t20

ψ −G∂2ψ
∂t20

)}
= 4π

{
ψ(r, t)−

∫ t+
0
dt0
∫
dV0q (r0, t0)G

}



|^pd½n��µ ∫ t+
0
dt0
∮

dS0 · (Ggrad0ψ − ψgrad0G)

+ 1
c2

∫
dV0

[
∂G
∂t0
ψ −G ∂ψ

∂t0

]t+
0

+4π
∫ t+

0
dt0
∫
dV0q (r0t0)G = 4πψ(r, t)

1��3t = t+ �ÏLG �Ð©^�¬��"¤±��µ

4πψ(r, t) = 4π
∫ t+

0
dt0
∫
dV dG (r, t|r0, t0) q (r0, t0)

+
∫ t+

0
dt0
∮

dS0 · (Ggrad0ψ − ψgrad0G)

− 1
c2

∫
dV0

[(
∂G
∂t0

)
t0=0

ψ0 (r0, 0)−Gt0=0
∂ψ(r0,t0)

∂t0

∣∣∣
t0=0

]
z{����¹µ

ψ(r, t) =
∫∞

0

∫∞
−∞G (r, t|r0, t0) q (r0, t0) dr0dt0

+
∫∞

0
[G (r, t|r0, t0)ψ,t0 (r0, t0)− ψ (r0, t0)G,r0 (r, t|r0, t0)]

r0=+∞
r0=−∞dt0

+
∫∞
−∞ [G (r, t|r0, t0)ψ,t0 (r0, t0)− ψ (r0, t0)G,t0 (r, t|r0, t0)]t0=0dr0

¥m@���duµ ∫ ∞
0

∫ ∞
−∞

(G∇2
0ψ − ψ∇2

0G)dr0dt0

m>1���9q (r0, t0) �L��A§1���L¡�lÀ.ÚÃ¡�§�L�m>.�>.^��A§1n��
9Ð©^�"�©Ø�9/0§�m>.3Ã¡�?ATªu0§ØATé¯K�)�)?ÛK�§¤±éù�
È©��z�AT��§¤±ù�e1n�§ùpt0=0,duG (r, t|r0, 0) = G (r0, 0|r,−t) §¤±��£2.1¤ª***¤
ét > 0 §��

DG(x, y; t) = δ(t)δ(x− y) (II.2)

t < 0,G(x, y; t) = 0 Fp�C�µ

G̃(x, y;ω) =

∫ ∞
0

dtG(x, y; t)eiωt (II.3)

��µ

D̃(ω)G̃ ≡
[
−ω2 − ∂2

x + V (x)
]
G̃(x, y;ω) = δ(x− y) (II.4)

£*** �>µ

D̃(ω)G̃(x, y;ω) =

∫ ∞
−∞

dt
[
∂2
t − ∂2

x + V (x)
]
G(x, y; t)eiωt=

[
−ω2 − ∂2

x + V (x)
] ∫ ∞
−∞

dtG(x, y; t)eiωt

m>µ ∫ ∞
−∞

dtδ(t)δ(x− y)eiωt=δ(x− y)

***¤
éu�Û:�XÚ§'X����éØ(N�)ÚåÅ§§��>.^��µ

φ̃(x = 0, ω) = 0 (II.5)

m>.^��µ

φ̃(x, ω) ∝ eiωx, x→ +∞ (II.6)



éuçÉ§x�Cz��´KÃ¡��Ã¡§ù��>.^�ªuKÃ¡´¯�À.§ù�>.^��µ

φ̃(x, ω) ∝ e−iωx, x→ −∞ (II.7)

£***�Xx| → ∞ §V → 0 ù���2.6Ú2.5b***¤
½Âf(ω, x)g(ω, x)´àg�§D̃(ω)f(ω, x) = D̃(ω)g(ω, x) = 0�)§f(ω, x) ÷v�>.^�§g(ω, x)÷vm>.

^�"�
½Â§·�æ^Xe5�z�½µ

lim
x→∞

[
e−iωxg(ω, x)

]
= 1 (II.8)

éu��¯K

f(ω, x = 0) = 0, f ′(ω, x = 0) = 1 (II.9)

£*** ·��ùpf ′ 3�:�0§ÄKXJx→ 0, f ∼ xl+1,·�æ^ lim
x→0

x−(l+1)f(ω, x) = 1�Of ′=1 ***¤

éu��¯K

lim
x→−∞

[
eiωxf(ω, x)

]
= 1

ù���µ

G̃(x, y;ω) =

{
f(ω,x)g(ω,y)

W (ω) , x < y
f(ω,y)g(ω,x)

W (ω) , y < x
(II.10)

ùpKdÄ1�ª�µ

W (ω) = W (g, f) = g∂xf − f∂xg

£***

D̃(ω)G̃ ≡
[
−ω2 − ∂2

r∗ + V (r∗)
]
G̃(r∗, y;ω) = δ(r∗ − y)

£1¤
3r∗ > y, r∗ < y þª�0"¤±©O3ü«��±��[

−ω2 − ∂2
r∗ + V (r∗)

]
φ(r∗, ω) = 0

£2¤
éu£1¤§£2¤§ü�«����¼ê�±��ü�)��5|Üµ

G̃(r∗, y;ω) =

{
c1(y, ω)f(ω, r∗) + c2(y, ω)g(ω, r∗), r∗ < y
d1(y, ω)f(ω, r∗) + d2(y, ω)g(ω, r∗), y < r∗

£3¤
��¼ê3y?ëY

(c1(y, ω)− d1(y, ω))f(ω, y) + (c2(y, ω)− d2(y, ω))g(ω, y) = 0

£4¤
xly − 0+ �y+0+ È©§È©´Ã¡�§KëY¼êÈ©�0"∫ y+0+

y−0+ (−∂2
r∗ + V (r∗)− ω2)G̃(r∗, y;ω)dr∗

= −[ d
dr∗ G̃(r∗, y;ω)]

∣∣∣y+0+

y−0+
=
∫ y+0+

y−0+ δ(r∗ − y)dr∗ = 1

£3¤�\þª��

(c1(y, ω)− d1(y, ω))f ′(ω, y) + (c2(y, ω)− d2(y, ω))g′(ω, y) = 1

£5¤



Ú£4¤ªéá����

c1(y, ω)− d1(y, ω) = g(ω,y)
Wg(ω,r∗),f(ω,r∗)

c2(y, ω)− d2(y, ω) = −f(ω,y)
Wg(ω,r∗),f(ω,r∗)

£6¤
ò£6¤�\£3¤¥��

G̃(r∗, y;ω) =

{
f(ω,r∗)g(ω,y)

Wg(ω,r∗),f(ω,r∗) + d1(y, ω)f(ω, r∗) + c2(y, ω)g(ω, r∗), r∗ < y
f(ω,y)g(ω,r∗)

Wg(ω,r∗),f(ω,r∗) + d1(y, ω)f(ω, r∗) + c2(y, ω)g(ω, r∗), y < r∗

£7¤
e¡�Ä>.^�µ

f(ω, r∗) =

{
e−iωr∗, r∗ → −∞
Aout(ω)eiωr∗ +Ain(ω)e−iωr∗, r∗ → ∞

g(ω, r∗) =

{
Bout(ω)eiωr∗ +Bin(ω)e−iωr∗, r∗ → −∞
eiωr∗, r∗ → ∞

K£3¤¥

r∗ → −∞, φ̃(r∗, ω) ∝ e−iωr∗
G̃(r∗, y;ω)=c1(y, ω)e−iωr∗ + c2(y, ω)(Bout(ω)eiωr∗ +Bin(ω)e−iωr∗) ∝ e−iωr∗

Kc2(y, ω)=0 Ón

r∗ → ∞, φ̃(r∗, ω) ∝ eiωr∗
G̃(r∗, y;ω)= d1(y, ω)(Aout(ω)eiωr∗ +Ain(ω)e−iωr∗)+d2(y, ω)eiωr∗ ∝ eiωr∗

Kd1(y, ω)=0 ¤±£7¤ªz{�µ

G̃(r∗, y;ω) =

{
f(ω,r∗)g(ω,y)

Wg(ω,r∗),f(ω,r∗) , r∗ < y
f(ω,y)g(ω,r∗)

Wg(ω,r∗),f(ω,r∗) , y < r∗

***)

III. ³³³eeeüüü���'''X−2���¯̄̄������¹¹¹

dàg�©�§D̃(ω)g(ω, x) = 0Úx3Ã¡��>.^��±��°()

g(ω, x) = eiωx −
∫ ∞
x

dx′
sinω (x− x′)

ω
V (x′) g (ω, x′) (III.1)

£*** âf¬�Ñ�8(�¦)ω2+∂2
xg(ω, x)=V (x)g(ω, x)£1¤��¼ê÷v

ω2+∂2
xG̃(x, y;ω)= −δ(x− y)

�±��g(ω, x) = −
∫

dyG̃(x, y;ω)V (y) g(ω, y)d)¿Ø��Ï�g(ω, x) = g(0)(ω, x)−
∫

dyG̃(x, y;ω)V (y) g(ω, y)�
÷vþª£1¤§Ù¥g(0)(ω, x)´àg�§−ω2 − ∂2

xg(ω, x)=0�)§Ï�3Ã¡�?g(ω,∞)=eiωx§¤±

g(ω, x) = eiωx−
∫

dyG̃(x, y;ω)V (y) g(ω, y)

£2¤



e¡¦��¼êG̃(x, y;ω)§Óþ�)ºòþ�)º�£6¤�\£3¤¥��

G̃(x, y;ω) = d1(y, ω)g1(ω, x) + d2(y, ω)g1(ω, x)− g2(ω, y)g1(ω, x)− g1(ω, y)g2(ω, x)

Wg1(ω, x)g2(ω, x)
θ (x− y)

g1(ω, x) = eiωx, g2(ω, x) = e−iωx,W (g1(ω, x)g2(ω, x)) = −2iω§d1(y, ω)d1(y, ω)dÐ©^�û½G̃(x0, y;ω) =

0, d
dx G̃(x, y;ω)

∣∣∣
x=x0

= 0,ù�d1(y, ω)= d1(y, ω)=0§¤±��µG̃(x, y;ω) = e−iωyeiωx−eiωye−iωx

2iω = Sin[ω(x−y)]
ω �\

£2¤ª=�¼�£3.1¤ª***¤
���?Cq£3.1¤mýV (x′) g (ω, x′)�±^"?CqV (x′) eiωx

′
O���³Ñ�¯K�À��?Cq)ù�

£3.1¤�±{z�µ

g(ω, x) = eiωx − I(ω, x) (III.2)

I(ω, x) =

∫ ∞
x

dx′
sinω (x− x′)

ω
V (x′) eiωx

′
(III.3)

XJV (x)´k����§@o¥ÒØ�UkÛ:"e³d�ê/ªP~'XV (x) ∝ e−λx�\£3.3¤Ò¬��µ

I(ω, x) ∝ e(−λ+iω)x

λ(λ− 2iω)
(III.4)

Ù¥3Eê¶þω = −iλ/2k��4:§XJ³P~�'�ê/ª��¯§λ → ∞ §4:Ò¬��§¦�g(ω, x))
Û"éu�êP~�³§��±ØÏLÀ�Cq)Ñg(ω, x)"3?Û�¹e§XJÛ:�l=0§§�òØ¬é�
Ï1��Ñ�z"
e¡�Ä³eü��Ý�u�ê�¹"

V (x) =
K

x2
o

(xo
x

)α
(III.5)

�Äα > 2§XêKáÂ�ëêxo¥"�α�u�ên���µ

I(ω, x) = e−iωx

{
(2iωxo)

n−2

(n− 1)!

[
γ −

n−2∑
m=1

1

m
+ log(−2iωx)

]
+

1

n− 1

(xo
x

)n−2 ∞∑
m=0,m 6=n−2

(2iωx)
m

m!(m+ 2− n)

 (III.6)

£***�K=1�|^£4.3¤ª��

I(ω, x) =

∫ ∞
x

dx′
sinω (x− x′)

ω

xα−2
o

x′α
e−iωx

′

|^sin(x) = eix−e−ix
2i ��µ

I(ω, x) =

∫ ∞
x

dx′
eiω(x−x′) − e−iω(x−x′)

2iω

xα−2
o

x′α
e−iωx

′
=
xα−2
o eiωx

2iω

∫ ∞
x

dx′
1

x′α
− xα−2

o e−iωx

2iω

∫ ∞
x

dx′
e2iωx′x′

x′α

£1¤
ùp ∫∞

x
dx′ 1

x′α (u = ωx′, dx′ = 1
ωdu)→

∫∞
ωx
duωα 1

uα
1
ω=ωα−1

∫∞
ωx

1
uα du∫∞

x
dx′ e

2iωx′

x′α (u = ωx′, dx′ = 1
ωdu)→

∫∞
ωx
du e

2iuωα

uα
1
ω =

∫∞
ωx
du e

2iuωα−1

uα

�\��£1¤��µ

I(ω, x) =
(ωxo)

α−2

2i

{[∫ ∞
ωx

du

uα

]
eiωx −

[∫ ∞
ωx

due2iu

uα

]
e−iωx

}
|^©ÜÈ©µ

I(ω, x) = (ωxo)α−2

2i

{
1

−α+1 (ωx)
−α+1

eiωx −
[∫∞
ωx
du−α+1e2iu

]
1

−α+1e
−iωx

}
= (ωxo)α−2

2i

{
1

−α+1 (ωx)
−α+1

eiωx − ( 1
−α+1e

−iωx(u−α+1e2iu)
∣∣∞
ωx

+
[∫∞
ωx
e2iu2iu−α+1du

]
1

−α+1e
−iωx

}



m>1�§���K��µ

I(ω, x) = (ωxo)α−2

2i

[∫∞
ωx
e2iu2iu−α+1du

]
1

−α+1e
−iωx

(ωxo)α−2

2i
1

−α+1e
−iωx

[∫∞
−2iωx

2i(−2i)α−1

pα−1 e−p(− 1
2i )dp

]
= −e−iωx (−2iωxo)α−2

α−1

[∫∞
−2iωx

1
pα−1 e

−pdp
]

XJα´�ê∫ ∞
−2iωx

1

pα−1
e−pdp =

(−1)
n−1

(n− 2)!

[
γ −

n−2∑
m=1

1

m
+ log(−2iωx)

]
+

(−1)
n−1

(2iωx)
n−2

∞∑
m=0

(2iωx)
m

m!(m+ 2− n)!

γ´î.~ê"
XJαØ´�ê ∫ ∞

−2iωx

1

pα−1
e−pdp = Γ(2− α) +

(−1)
α−1

(2iωx)
α−2

∞∑
m=0

(2iωx)
m

m!(m+ 2− α)

***¤
£3.6¤¥�Log¼êòÚå÷XEê¶���§�
£ã��½Âµ

g±(−iσ, x) = lim
→o+

g(−iσ±, x)

Ù¥σ´�¢ê§ù�����z�µ

∆(σ, x) = g+(−iσ, x)− g−(−iσ, x) = − lim
→0+

[I(−iσ+, x)− I(−iσ−, x)] (III.7)

£***Ï�£4.2¤ªg(ω, x) = eiωx − I(ω, x)¥§eiωx´��ëY¼êØ¬K�ü>�~��0***¤
ÏL£3.2¤Ú£3.6¤�±�����rÝ�µ

∆(σ, x) ' 2πi
(2σxo)

n−2

(n− 1)!
e−σx (III.8)

£***õ�¼êw = ln z = ln ρ+ iϕ,w�Ì�kü��©OéAn=0,n=1�£^��7��¤

w1 = ln ρ1 + iϕ1

w2 = ln ρ1 + i (ϕ1−2π)

ÏLé'£3.2¤Ú£3.6¤§Ø
Log±	§Ù¦Ñ´ëY¼ê¤±ØK�

−−e
−i(−iσ−)x

(α−1) (−2i(−iσ−)xo)
α−2

Γ(2− α)

(Γ(z)Γ(1− z) = π
sinπz ,Γ(x+ 1) = xΓ(x), sinπα = eiπα−e−iπα

2i , z1 = 2iωxo)→
e−σx 2πi

Γ(α) (eiπ)α−2 1
eiπα−e−iπα (w1 − w2) = e−σx 2πi

Γ(α) (eiπ)α 1
eiπα−e−iπα z1

α−2(1− e−2πi(α−2))

= e−σx 2πi
Γ(α) (eiπ)α 1

eiπα−e−iπα (2σxo)
α−2

(1− e−2πiα) = e−σx 2πi
Γ(α) (2σxo)

α−2

***¤
XJαØ´�ê

I(ω, x) =
−e−iωx

(α− 1)

[
(−2iωxo)

α−2
Γ(2− α)−

(xo
x

)α−2 ∞∑
m=0

(2iωx)
m

m!(m+ 2− α)

]
(III.9)

Ù¥(−2iωxo)
α−2¬Úå���´÷XEê¶§���rÝ�µ

∆(σ, x) ' 2πi
(2σxo)

α−2

Γ(α)
e−σx (III.10)



£***õ�¼êw = zρ,w�Ì�kü��©OéAn=0,n=1�£^��7��¤

w1 = z1
ρ = |z1|ρeiρArgz1

w2 = |z1|ρeiρArgz1−2πiρ = z1
ρe−2πiρ

ÏLé'£3.2¤Ú£3.8¤§Ø
(−2iωxo)
α−2±	§Ù¦Ñ´ëY¼ê¤±ØK�

∆(σ, x) = − lim
→0+

[−e
−i(−iσ+)x

(α−1) (−2i(−iσ+)xo)
α−2

Γ(2− α)

−−e
−i(−iσ−)x

(α−1) (−2i(−iσ−)xo)
α−2

Γ(2− α)

e−σx 2πi
Γ(α) (eiπ)α−2 1

eiπα−e−iπα (w1 − w2)

= e−σx 2πi
Γ(α) (eiπ)α 1

eiπα−e−iπα z1
α−2(1− e−2πi(α−2))

= e−σx 2πi
Γ(α) (eiπ)α 1

eiπα−e−iπα (2σxo)
α−2

(1− e−2πiα)

= e−σx 2πi
Γ(α) (2σxo)

α−2

***¤
�α��ê�£3.10¤�±£�£3.8¤§¤±¦^£3.10¤α���ê���ÊH"£2.8¤¥��¼ê÷XK�E

ê¶k��§Ù¥�>y < x��±��:

G̃±(x, y;ω) =
f(ω, y)g±(ω, x)

W (g±, f)
(III.11)

∆G̃(x, y;σ) ≡ G̃+(x, y;ω)− G̃−(x, y;ω)
∣∣∣
ω=−iσ

=
W (g−, g+)

W (g+, f)W (g−, f)
f(ω, x)f(ω, y)

∣∣∣∣
ω=−iσ

(III.12)

£***

G̃+(x, y;ω)− G̃−(x, y;ω)= f(ω,y)g+(ω,x)
W (g+(ω,x),f(ω,x)) −

f(ω,y)g−(ω,x)
W (g−(ω,x),f(ω,x))

=
f(ω,y)g+(ω,x)(g−(ω,x)f ′(ω,x)−f(ω,x)g′−(ω,x))

W (g+(ω,x),f(ω,x))W (g−(ω,x),f(ω,x))

− f(ω,y)g−(ω,x)(g+(ω,x)f ′(ω,x)−f(ω,x)g′+(ω,x))

W (g+(ω,x),f(ω,x))W (g−(ω,x),f(ω,x))

=
f(ω,x)f(ω,y)(g−(ω,x)g′+(ω,x)−g+(ω,x)g′−(ω,x))

W (g+(ω,x),f(ω,x))W (g−(ω,x),f(ω,x))

= W (g−,g+)
W (g+,f)W (g−,f)f(ω, x)f(ω, y)

***¤
(Ü£3.2¤Ú£3.9¤��µ

W (g−, g+)|ω=−iσ ' −
2πi

xo

(2σxo)
α−1

Γ(α)
(III.13)

£***

= lim
→0+

(ei(−iσ−)x+ e−i(−iσ−)x

(α−1) (−2i(−iσ−)xo)
α−2

Γ(2− α))

(i(−iσ+)ei(−iσ+)x − i(−iσ+) e
−i(−iσ+)x

(α−1) (−2i(−iσ+)xo)
α−2

Γ(2− α))

−(ei(−iσ+)x+ e−i(−iσ+)x

(α−1) (−2i(−iσ+)xo)
α−2

Γ(2− α))

(i(−iσ−)ei(−iσ−)x − i(−iσ−) e
−i(−iσ−)x

(α−1) (−2i(−iσ−)xo)
α−2

Γ(2− α))

' 2σ
(α−1) (−2i(−iσ−)xo)

α−2
Γ(2− α))− 2σ

(α−1) (−2i(−iσ+)xo)
α−2

Γ(2− α))

(4.10)→ −2πi (2σxo)α−22σ
Γ(α) e−σx=− 2πi

xo

(2σxo)α−1

Γ(α)

***¤
l£3.13¤�±wÑW (g−, g+)Ø�6x���"
e¡�Ä��¯K�x=0�µ

W (g±, f) = g±(ω, x = 0) (III.14)



£***

W (g±, f) =g±f
′−fg±′(f(ω, x = 0) = 0, f ′(ω, x = 0) = 1)→ g±(ω, x = 0)

***¤
ù�£3.14¤Ú£3.13¤�\£3.12¤¥��µ

∆G̃(x, y;σ) ' −2πi

xo

(2σxo)
α−1

Γ(α)

f(−iσ, x)f(−iσ, y)

g+(−iσ, 0)g−(−iσ, 0)
(III.15)

¤±��÷XKEê¶��z�µ

GL(x, y; t) = −i
∫ ∞

0

dσ

2π
∆G̃(x, y;−iσ)e−σt (III.16)

£***Fp�_C�***¤
£3.15¤�\£3.16¤¥��µ

GL(x, y; t) ' −2α−1xα−2
o

tα
f(0, x)f(0, y)

g(0, 0)
2 (III.17)

�Ð©^��φ(y, 0) = φo(y), ∂tφ(y, 0) = φ1(y)§ò£3.17¤�\£2.1¤¥§��µ

φ(x, t) ' −2α−1xα−2
o

tα

[∫ ∞
0

dyf(0, y)φ1(y)

]
f(0, x)

g(0, 0)
2 (III.18)

£***ùp=�Ä

∫
dyG(x, y; t)∂tφ(y, 0)§Ï�

∫
dy∂tG(x, y; t)φ(y, 0)¬Ñyt−α−1§�tªuÃ¡Ly�g�

�***¤

IV. ³³³´́́x−2///ªªª���

V (x) =
ν(ν + 1)

x2
, x > xc (IV.1)

Ù¥ν > 0,½Âρ=ν+ 1
2§ùpV (x) ∝ 1

x2§Ø�³�Xêé�§ÄKùp^À�CqØO(§¤±1n!��{ùp
Ø·^",ù«�¹ek°()§¿�Ä3�Ã¡�?�>.^��±��µ

g(ω, x) = ei(ρ+
1
2 )π2

√
πωx

2
H(1)
ρ (ωx) (IV.2)

£***òei(ρ+
1
2 )π2
√

πωx
2 g(ω, x)�\�§(ω2 + ∂2

x)g(ω, x) = V (x)g(ω, x),¥��Bessel�§

g′′(ω, x)+ g′(ω,x)
x + (ω2 − (1+2ν)2

4x2 )g(ω, x) = 0

k = ω, r = kx, dx = dr/k → g′′(ω, rk )+
g′(ω, rk )

r + (1− (1+2ν)2

4r2 )g(ω, rk ) = 0

T�§�)kü|�5Ã'�)Jρ= 1+2ν
2

(z), Nρ(z), H
(1)
ρ (z), H

(2)
ρ (z)§2�Ä3Ã¡�?�>.^�µ

H
(1)
ρ (z) ∼

√
2
πz ei(z−ρπ/2−π/4)

H
(2)
ρ (z) ∼

√
2
πz e−i(z−ρ+2π−α/4)

Jρ(z) ∼
√

2
πz cos(z − ρπ/2− π/4)

Nρ(z) ∼
√

2
πz sin(z − ρπ/2− π/4)

Ï�3Ã¡�?g(ω,∞)=eiωx,¤±�±(½§�)�H(1)
ρ (ωx)¿�£5.2¤c�Xêei(ρ+

1
2 )π2
√

πωx
2 �±ÏLÃ¡�

>.H
(1)
ρ (z) ∼

√
2
πz ei(z−ρπ/2−π/4) ^�(½"



½öù�C�¤�l�¼ê

ω2+∂2
xg(ω, x)=V (x)g(ω, x)

g(ω, x)=
√

xga(ω, x)→ g′′a(ω, x) + 1
xg
′
a(ω, x) + (ω2 − (ν+1/2)2

x2 )ga(ω, x) = 0

r = ωx→ g′′a(ω, r/ω) + 1
r g
′
a(ω, r/ω) + (1− (ν+1/2)2

r2 )ga(ω, r/ω) = 0

ù´��ρ��l�¼ê***¤

Ù¥§1�aHankel¼êH(1)
ρ (z) = Jρ(z) + iNρ(z)

Jρ(z) ∼ 1
Γ(ρ+1)

(
z
2

)ρ
+ . . .

Nρ(z) ∼ −Γ(ρ)
π

(
z
2

)−ρ
+ . . .

(IV.3)

£***

Jα(x) =
∞∑
m=0

(−1)m

m!Γ(m+α+1)

(
x
2

)2m+α

Na(x) = Ia(x) cos(απ)−J−a(x)
sinαπ

***¤
l£4.3¤�±wÑ§��÷XK�Eê¶µ

g+(−iσ, x) =
√

iπσx
2 eiνπ/2

[
2 cos ρπH

(1)
ρ (iσx) + e−iρπH

(2)
ρ (iσx)

]
g−(−iσ, x) =

√
iπσx

2 eiνπ/2
[
e−iρπH

(2)
ρ (iσx)

] (IV.4)

£***©OrJρ(z)Nρ(z)�1���\

g(ω, x) = ei(ρ+
1
2 )π2
√

πωx
2 H

(1)
ρ (ωx)

= ei(υ+ 1
2 + 1

2 )π2
√

πωx
2 ( 1

Γ(ρ+1)

(
ωx
2

)ρ − iΓ(ρ)
π

(
ωx
2

)−ρ
)

g−(−iσ, x) = lim
→0+

(ei(ν+1)π2

√
π(−iσ−)x

2 ( 1
Γ(ρ+1)

(
(−iσ−)x

2

)ρ
− iΓ(ρ)

π

(
(−iσ−)x

2

)−ρ
))

�n=0,z = iσx,Kþª�u

g−(−iσ, x) = ei(υ+1)π2
√
π( (e−iπ)

ρ+ 1
2

Γ(ρ+1)

(
z
2

)ρ+ 1
2 − iΓ(ρ)

π

(
z
2

)−ρ+ 1
2 (eiπ)−ρ+

1
2 )

= iei(υ)π2
√
π(−i(e

−iπ)
ρ

Γ(ρ+1)

(
z
2

)ρ+ 1
2 + Γ(ρ)

π

(
z
2

)−ρ+ 1
2 (eiπ)−ρ)

= ei(υ)π2
√

πz
2 (e−iπ)ρ( 1

Γ(ρ+1)

(
z
2

)ρ
+ iΓ(ρ)

π

(
z
2

)−ρ
)

¤±��µ

g−(−iσ, x) =

√
iπσx

2
eiνπ/2

[
e−iρπH(2)

ρ (iσx)
]

g+(−iσ, x) = lim
→0+

(ei(ν+1)π2

√
π(−iσ+)x

2 ( 1
Γ(ρ+1)

(
(−iσ+)x

2

)ρ
− iΓ(ρ)

π

(
(−iσ+)x

2

)−ρ
))

=g−(−iσ, x)+∆(σ, x)

∆(σ, x)=ei(υ)π2
√
π (e−iπ)

ρ

Γ(ρ+1)

(
z
2

)ρ+1/2
(1− (e2πi)ρ+1/2) + iΓ(ρ)(e−iπ)

ρ

π

(
z
2

)−ρ+1/2
(−1 + (e−2πi)−ρ+1/2))

= ei(υ)π2
√

πz
2 ( 1

Γ(ρ+1)

(
z
2

)ρ
((e−iπ)ρ + (eπi)ρ)− iΓ(ρ)

π

(
z
2

)−ρ
((e−iπ)ρ + (eπi)ρ))

= ei(υ)π2
√

πz
2 (2cos(ρπ))( 1

Γ(ρ+1)

(
z
2

)ρ − iΓ(ρ)
π

(
z
2

)−ρ
)

g+(−iσ, x)=g−(−iσ, x)+∆(σ, x)=

√
iπσx

2
eiνπ/2

[
2 cos ρπH(1)

ρ (iσx) + e−iρπH(2)
ρ (iσx)

]



***¤
ò£4.4¤�\KdÄ1�ªO���µ

W (g−, g+)|ω=−iσ = −4iσ sin νπ (IV.5)

ùp�ν��ê�£4.5¤ò¬��§ù�Ò2�g`²
V (x) = l(l+1)
x2 �L��X�l%³^§éAun��m�g

dDÂ¿�Ø¬Úå?ÛÑ�"�ν → 0§³¬C�é�§�±^À�Cq5¦)",	§3£4.5¤�4�ν → 0ª
u−4iσνπ§£3.13¤¥α → 2 �§£3.13¤=W (g−, g+)|ω=−iσ= − 4iσπ£�α=2�§£4.5¤C�V (x) = K

x2§v

kx02áÂK,¤±£3.13¤AT¦K=ν(ν+1)(ν → 0) → ν¤±£3.13¤W (g−, g+)|ω=−iσ → −4iσπν§ù�ÿùü�

�¹���(J´���"¤±W (g−, g+) ∝ σn−1§�3n=2�¤á§�´��¬��"éω= −iσ → 0�§

g+(−iσ, x) ∼ − 1√
π
ei(3ρ/2+1/4)πΓ(ρ)

(
iσx
2

)−ν
g−(−iσ, x) ∼ 1√

π
ei(−ρ/2+1/4)πΓ(ρ)

(
iσx
2

)−ν (IV.6)

£***Ï�ω = −iσ → 0§¤±ò1���\§Ù¦��g��

g−(−iσ, x) =

√
iπσx

2
eiνπ/2

[
e−iρπ

1

Γ(ρ+ 1)

(
iσx

2

)ρ
+
iΓ(ρ)

π

(
iσx

2

)−ρ]

w,1����§ρ=ν+1/2§¤±��

g−(−iσ, x) =
√
πeiνπ/2

[
e−iρπ( iΓ(ρ)

π

(
iσx
2

)−ν−1/2+1/2
)
]

=
√
πeiνπ/2

[
e−iρπ/2e−iπ(ν+1/2)/2( e

iπ/2Γ(ρ)
π

(
iσx
2

)−ν
)
]

=
√
πeiνπ/2

[
e−iπρ/2+iπ/4(Γ(ρ)

π

(
iσx
2

)−ν
)
]

g+(−iσ, x) = ei(υ)π2

√
πiσx

2 ((2cos(ρπ)( 1
Γ(ρ+1)

(
iσx
2

)ρ − iΓ(ρ)
π

(
iσx
2

)−ρ
)

+e−iρπ 1
Γ(ρ+1)

(
iσx
2

)ρ
+ iΓ(ρ)

π

(
iσx
2

)−ρ
))

Ù¥§1��Ú1n���µ

g+(−iσ, x) = ei(υ)π2

√
πiσx

2 ((e−iρπ+eiρπ(− iΓ(ρ)
π

(
iσx
2

)−ρ
)+e−iρπ iΓ(ρ)

π

(
iσx
2

)−ρ
))

(i = eiπ/2)→ −ei(υ)π2
√
πeiρπ e

iπ/2Γ(ρ)
π

(
iσx
2

)−ν−1/2+1/2
= −Γ(ρ)√

π

(
iσx
2

)−ν
eiρπei(υ+1/2)π2 eiπ/4

= −Γ(ρ)√
π

(
iσx
2

)−ν
ei3ρπ/2eiπ/4

***¤
d£5.6¤�±wÑg± ∝ x−ν§¤±�x = xc�

W (g±, f) =

[
f ′ (xc) +

ν

xc
f (xc)

]
g± (xc) (IV.7)

£***

W (g±, f) =g±f
′−fg±′=g±f ′+

ν

xcν+1
f =

[
f ′ (xc) +

ν

xc
f (xc)

]
g± (xc)

***¤

Ï�f(ω, x)3¥ω´)Û�§ùÒ¿�Xf(ω, x) =
∞∑
n=0

fn(x)ωn,f0(x) 6= 0,��µ

lim
ω=−iσ→0

W (g+, f)W (g−, f) = −
[
f ′0 (xc) +

ν

xc
f0 (xc)

]2
Γ(ρ)

2

π

(σxc
2

)−2ν

(IV.8)

£***

lim
ω=−iσ→0

W (g+, f)W (g−, f) = −
[
f ′0 (xc) + ν

xc
f0 (xc)

]2
Γ(ρ)2

π

(
iσxc

2

)−2ν
eiνπ

(i = eiπ/2)→ −
[
f ′0 (xc) + ν

xc
f0 (xc)

]2
Γ(ρ)2

π

(
σxc

2

)−2ν



***¤
|^£3.12¤ª��µ

∆G̃(x, y;σ) ∼ 4iπ sin νπ

[f ′0 (xc) + (ν/xc) f0 (xc)]
2

(xc
2

)2ν σ2ν+1

Γ
(
ν + 1

2

)2 f0(x)f0(y) (IV.9)

£***ρ=ν + 1
2***¤

�\£3.16¤¥��µ

GL(x, y; t) ' 2 sin νπ

[f ′0 (xc) + (ν/xc) f0 (xc)]
2

Γ(2ν + 2)

Γ
(
ν + 1

2

)2(xc2 )2ν

t−(2+2ν)f0(x)f0(y) (IV.10)

31o!¥éu$��À�CqO��±���V (x) ∼ 1
x2 ,�Ï1�� 1

t2 ,,éu��êν§�Ï1�´t−(2+2ν)§
�k�ν � 1�§üö¬ªu��§�´éuν=O(1)�É55uÅ��p�Cq"�´�νC��ê�§£4.5¤
�0§ù��Ï1��,É�êP~�QNMÌ�"
�Ï1��µ

φ(x, t) ∼ 2 sin(νπ)

[f ′0 (xc) + νf0 (xc) /xc]
2

Γ(2ν + 2)

Γ
(
ν + 1

2

)2(xc2 )2ν

t−(2+2ν)f0(x)

∫ ∞
0

dyf0(y)φ1(y) (IV.11)

V. ³³³´́́EEEÜÜÜ���///ªªª���

V (x) = l(l+1)
x2 + V̄ (x), x > xc, l = 1, 2, . . .

V̄ (x) =
xα−2
o

xα

[
log
(
x
xo

)]β (V.1)

éu�Æ³β=0§éuLog³,β=1"ùp·�æ�α > 2§α���ê"Ï�´�ê��Iα → n=�§ùpn´�

ê"éul = 1, β = 0§£5.1¤q¬£�1n!��¹"ùp·�òV̄ (x)w¤���6§éu�³ l(l+1)
x2 �±°()

Ñµ

g(0)(ω, x) ≡ il+1(ωx)h
(1)
l (ωx) (V.2)

ùph(1)
l (ωx)�¥�l�¼ê"

£***Ó£5.2¤�)ºµ

ω2+∂2
xg(ω, x)=V (x)g(ω, x)

(g(ω, x)= xga(ω, x))→ xg′′a(ω, x) + 2g′a(ω, x) + (ω2 − l(l+1)
x2 )xga(ω, x) = 0

→ g′′a(ω, x) + 2
xg
′
a(ω, x) + (ω2 − l(l+1)

x2 )ga(ω, x) = 0

Ï�l´�ê§¤±ù´��¥�l��§"ÏL�
C��±=z�l + 1/2��l��§

(r = ωx, ga(ω, x) =

√
π

2r
g(ω, r))→ g′′(ω, r) +

1

r
g′(ω, r) + (ω2 − (l + 1/2)

2

r2
)g(ω, r) = 0

§¤±d�§�)�J1+1/2(x), J−(1+1/2)(x), N1+1/2(x), H
(1)
1+1/2(x), H

(2)
1+1/2(x)¥�?¿ü�"¤±éA�¥�l��

§�´e¡��?¿ü�µ

jl(x) =
√

π
2xJl+1/2(x), j−l(x) =

√
π
2xJ−l+1/2(x)

nl(x) =
√

π
2xNl+1/2(x)

h
(1)
l (x) =

√
π
2xH

(1)
l+1/2(x)

h
(2)
l (x) =

√
π
2xH

(2)
l+1/2(x)



�e5�Ä>.^��x3Ã¡��¼ê�eiωx

H
(1)
ρ (z) ∼

√
2
πz ei(z−ρπ/2−π/4)

H
(2)
ρ (z) ∼

√
2
πz e−i(z−ρ+2π−α/4)

Jρ(z) ∼
√

2
πz cos(z − ρπ/2− π/4)

Nρ(z) ∼
√

2
πz sin(z − ρπ/2− π/4)

w,�kH
(1)
ρ (z)ÎÜ>.�/ª§ù�eizc¡�Xê�√

π

2z

√
2

πz
ei(−

(l+1/2)π
2 −π/4)(z = ωx)→ 1

ωx
eiπ(−l/2−1/2)(eiπ/2 = i)→ 1

ωx
i−(l+1)

¤±£5.2¤c¡�Xê�il+1(ωx) ***¤
¤±$^À�Cqa'£3.2¤�±�¤µ

g(ω, x) ' g(0)(ω, x)− I(ω, x) (V.3)

Ù¥,

I(ω, x) ≡
∫ ∞
x

dx′M (x, x′;ω) V̄ (x′) g(0) (ω, x′) (V.4)

ùp���¼ê�µ

M (x, x′;ω) =
iω

2
xx′

[
h

(1)
l (ωx′)h

(2)
l (ωx)− h(1)

l (ωx)h
(2)
l (ωx′)

]
(V.5)

£***Ó£4.1¤�)º

G̃(x, y;ω) = d1(y, ω)g1(ω, x) + d2(y, ω)g1(ω, x)− g2(ω, y)g1(ω, x)− g1(ω, y)g2(ω, x)

Wg1(ω, x)g2(ω, x)
θ (x− y)

g(0)
1(ω, x)=il+1(ωx)h

(1)
l (ωx)g(0)

2(ω, x)=il+1(ωx)h
(2)
l (ωx)Wg(0)

1(ω, x)g(0)
2(ω, x)= 2iωeilπ = 2iωi2l

g2(ω, y)g1(ω, x)− g1(ω, y)g2(ω, x)=i2l+2(ωy)(ωx)(h
(2)
l (ωy)h

(1)
l (ωx)− h(1)

l (ωy)h
(2)
l (ωx))

d1(y, ω)d1(y, ω)dÐ©^�û½

G̃(x0, y;ω) = 0,
d

dx
G̃(x, y;ω)

∣∣∣∣
x=x0

= 0

,ù�d1(y, ω)= d1(y, ω)=0§¤±��µG̃(x, y;ω) = iωxy
2

[
h

(1)
l (ωy)h

(2)
l (ωx)− h(1)

l (ωx)h
(2)
l (ωy)

]
***¤

�Ä�Æ/ª�V̄ (x) =
xα−2
o

xα §�\£5.4¤��µ

I =
ilωx

2

[
I1(ω, x)h

(1)
l (ωx)− I2(ω, x)h

(2)
l (ωx)

]
(V.6)

Ù¥§

I1(ω, x) = (ωxo)
α−2

∫ ∞
ωx

du
h

(1)
l (u)h

(2)
l (u)

uα−2
(V.7)

I2(ω, x) = (ωxo)
α−2

∫ ∞
ωx

du
h

(1)
l (u)

2

uα−2
(V.8)



£***

I = (xo)
α−2 iω

2 x

[
h

(2)
l (ωx)

∫∞
x
h

(1)
l (ωy) yil+1(ωy)h

(1)
l (ωy) 1

yα dy

−h(1)
l (ωx)

∫∞
x
h

(1)
l (ωy) yil+1(ωy)h

(2)
l (ωy) 1

yα dy

]

(u = ωy)→ −ωi
l

2 x

[
(xo)

α−2
h

(2)
l (ωx)

∫∞
ωx
h

(1)
l (u)ωh

(1)
l (ω)ω

α−2

uα−2
1
ωdu−

(xo)
α−2

h
(1)
l (ωx)

∫∞
ωx
h

(1)
l (u)ωh

(2)
l (u) ω

α−2

uα−2
1
ωdu

]
= −ωi

l

2 x

[
(ωxo)

α−2
h

(2)
l (ωx)

∫∞
ωx
du

h
(1)
l

2
(u)

uα−2 − (ωxo)
α−2

h
(1)
l (ωx)

∫∞
ωx
du

h
(1)
l (u)h

(2)
l (u)

uα−2

]
***¤
Ù¥I1(ω, x)�±L��µ

I1(ω, x) = 2−2l(ωx)−2l−1
(xo
x

)α−2 l∑
m=0

am(l, α)(ωx)2m (V.9)

I2(ω, x)L��µ

I2(ω, x) = (−1)l+12iC(l, α)
Γ(2− α)

(α− 1)
(−2iωxo)

α−2
+ (−1)l(ωx)−2l−1

(xo
x

)α−2 ∞∑
m=0

bm(l, α)(ωx)m (V.10)

Ù¥§

C(l, α) =

l−1∏
j=0

α− 2j − 3

α+ 1 + 2j
, l = 1, 2, . . . (V.11)

ùp�l = 0�,C(l, α)=1
£***éu1�a§1�a¥�l�¼ê�±��µ

h
(1)
l (u) = i−l−1u−1eiu

l∑
m=0

(l +m)!

m!(l −m)!
(−2iu)−m

£C1¤

h
(2)
i (u) = il+1u−1e−iu

l∑
m=0

(l +m)!

m!(l −m)!
(2iu)−m

£C2¤

ÏL£C1¤Ú£C2¤§I1(ω, x) = (ωxo)
α−2 ∫∞

ωx
du

h
(1)
l (u)h

(2)
l (u)

uα−2 §�±��O�µ

∫∞
ωx
du

h
(1)
l (u)h

(2)
l (u)

uα−2 =
∫∞
ωx
du(i−l−1u−1eiuil+1u−1e−iu 1

uα−2

l∑
m=0

(l+m)!
m!(l−m)! (−2iu)−m

l∑
m=0

(l+m)!
m!(l−m)! (2iu)−m)

=
∫∞
ωx
du( 1

uα

l∑
m=0

(l+m)!
m!(l−m)! (−2iu)−m

l∑
m=0

(l+m)!
m!(l−m)! (2iu)−m)

k�Ä?¿,�µ∫∞
ωx
du( 1

uα
(l+m1)!

m1!(l−m1)! (−2iu)−m1 (l+m2)!
m2!(l−m2)! (2iu)−m2)

= (l+m1)!
m1!(l−m1)!

(l+m2)!
m2!(l−m2)!

∫∞
ωx
du( 1

uα (−1)−m1(2iu)−m2−m1)

= (−1)−m1(2i)−m2−m1(l+m1)!
m1!(l−m1)!

(l+m2)!
m2!(l−m2)!

∫∞
ωx
du(u)−m2−m1−α

= (−1)−m1(2i)−m2−m1(l+m1)!
m1!(l−m1)!

(l+m2)!
m2!(l−m2)!

1
−m2−m1−α+1 (u)

−m2−m1−α+1
∣∣∣∞
ωx

(m1 = l −m1,m2 = l −m2)→ (−1)−l+m1(2i)−2l+m2+m1(2l−m1)!
m1!(l−m1)!

(2l−m2)!
m2!(l−m2)!

−1
m2+m1−2l−α+1 (ωx)−2l+m2+m1−α+1



¤±§

I1(ω, x) = (ωxo)
α−2 (−1)−l+m1(2i)−2l+m2+m1(2l−m1)!

m1!(l−m1)!
(2l−m2)!
m2!(l−m2)!

−1
m2+m1−2l−α+1 (ωx)−2l+m2+m1−α+1

((−1)−l(i)−2l = 1)→ (2)−2l

(ωx)2l+1

(
xo
x

)α−2 (−1)m1(2i)m2+m1(2l−m1)!
m1!(l−m1)!

(2l−m2)!
m2!(l−m2)!

1
(−m2−m1+2l+α−1) (ωx)m2+m1

©O��m1,m2�gS2��e§��¦Úü��\2Ø±2��µ

I1(ω, x) =
2−2l

(ωx)
2l+1

(x0

x

)α−2 l∑
m1,m2=0

(2i)
m1+m2 [(−1)

m1 + (−1)
m2 ] (2l −m1)! (2l −m2)!

2 (2l + α− 1−m1 −m2) (l −m1)! (l −m2)!m1!m2!
(ωx)m1+m2

�[(−1)
m1 + (−1)

m2 ]¥m1,m2ÑØ´Ûê½öóê�§ù��¬��"Ù¥(ωx)��g¬´óê�¤±½Âµ

l∑
m1=0

l∑
m2=0

(2i)
m1+m2 [(−1)

m1 + (−1)
m2 ] (2l −m1)! (2l −m2)!

2 (2l + α− 1−m1 −m2) (l −m1)! (l −m2)!m1!m2!
(ωx)m1+m2 ≡

l∑
m=0

am(l, α)(ωx)2m

� \ þ ª � ± � � £5.9¤ " é uI2(ω, x)� � O ¬ � \ E , � : § Ï � éI2(ω, x) =

(ωxo)
α−2 ∫∞

ωx
du

h
(1)
l (u)2

uα−2 ¥h
(1)
l (u)�²��\¿ØUr¦ÚÒc�gCþu�K§¤±¬��aquù��È©

/ªµ

I(β, z) ≡
∫ ∞
z

v(t)

tβ
dt

£C3¤
ùpv(t)´)Û�§ lim

t→∞
v(t)tn = 0,b�v(t=0) 6= 0§ÏdÈ©¥t=0´Û:"év(t)^TaylorÐm�±�

�µ
∞∑
n=0

cnt
n§t ∈ [0,∞)Âñ"¤±éuβ > 1,þª�±��µ

I(β, z) =

∫ ∞
z

v(t)−
N−1∑
n=0

cnt
n

tβ
dt+

∫ ∞
z

N−1∑
n=0

cnt
n

tβ

£C4¤
é1�Ü©È©��µ

I(β, z) =

∫ ∞
0

v(t)−
N−1∑
n=0

cnt
n

tβ
dt−

∞∑
n=0

cnz
n+1−β

n+ 1− β

£C5¤
¢Sþù�È©�duµ

IA(β) ≡
∫ ∞

0

v(t)

tβ
dt=

eπβi

2i sinβπ

∫
C

v(t)

tβ
dt

£C6¤
ùpβ´��ê§¿��z → 0, z →∞, zβν(t)→ 0,|:3z = 0, z =∞"5¿ùpÈ©´»´^��µ∫∞

0
v(t)
tβ
dt=

∫ R
r

v(t)
tβ
dt+

∫
CR

v(t)
tβ
dt+

∫ r

R
v(t)
tβ
e−2iπβdt+

∫
Cr

v(t)
tβ
dt

=
∫
C
v(t)
tβ
dt

Ï�z → 0, z →∞, zβν(t)→ 0§�� ∫
CR

v(t)
tβ
dt→ 0(R→∞)∫

Cr
v(t)
tβ
dt→ 0(r → 0)



¤±þª�4��R→∞r → 0�∫∞
0

v(t)
tβ
dt−

∫∞
0

v(t)
tβ
e−2iπβdt=1− e−2iπβ

∫∞
0

v(t)
tβ
dt =

∫
C
v(t)
tβ
dt∫∞

0
v(t)
tβ
dt = 1

1−e−2iπβ

∫
C
v(t)
tβ
dt = eiπβ

eiπβ−e−iπβ
∫
C
v(t)
tβ
dt = eiπβ

2iSin(πβ)

∫
C
v(t)
tβ
dt

Ó�¦^aq�E|�±��µ

∫ ∞
0

v(t)−
N−1∑
n=0

cnt
n

tβ
dt =

eπβi

2i sinβπ

∫
C

v(t)−
N−1∑
n=0

cnt
n

tβ
dt

£C7¤

ùp§
∫
C

N−1∑
n=0

cnt
n

tβ
dt¬��Ï�´)Û�7����0"¤±ùpIA(β)�±�d�µIA(β) =

∫∞
0

v(t)−
cnt∑
n=0

tn

tβ
dt

£C8¤ùp£C5¤�±��µ

I(β, z) = IA(β)−
∞∑
n=0

cnz
n+1−β

n+ 1− β

£C9¤
£5.8¤�±��µ

I2(ω, x) = (ωx0)
α−2

J2(ωx)

J2(ωx) ≡
∫∞
ω2
dt

[
h

(1)
i (t)

]2

tα−2

£C10-C11¤

£C10-C11¤�w(t) =
[
h

(1)
l (t)

]2
t2l+2£C12¤

|^£C1¤�±��

w(t) = (−1)l+1
l∑

k1=0

l∑
k2=0

∞∑
n=0

(2i)n−k1−k2 × (l + k1)! (l + k2)!(−1)
k1+k2

k1!k2! (l − k1)! (l − k2)!n
tn+2l−k1−k2 ≡ (−1)l+1

∞∑
m=0

dmt
m

£C13¤***

w(t) =
[
h

(1)
l (t)

]2
t2l+2 = i−2l−2t−2e2it(

l∑
m=0

(l +m)!

m!(l −m)!
(−2it)−m)2t2l+2

é?¿�k1, k2,þªÜ©�±��

( (l+m)!
m!(l−m)! (−2it)−m)2 = (l+k1)!

k1!(l−k1)! ((−2it)−k1) (l+k2)!
k2!(l−k2)! ((−2it)−k2)

= (l+k1)!
k1!(l−k1)!

(l+k2)!
k2!(l−k2)! (−1)−k1−k2(2i)−k1−k2(t)−k1−k2

2�å¦Ú��µ

w(t) =
[
h

(1)
l (t)

]2
t2l+2=i−2l−2t−2e2it(

l∑
m=0

(l+m)!
m!(l−m)! (−2it)−m)2t2l+2

(i−2l−2 = (−1)l+1, e2it=
∞∑

n=0

(2it)n

n! , (−1)
−k1−k2

= (−1)
k1+k2

)→

(−1)l+1
l∑

k1=0

l∑
k2=0

∞∑
n=0

(2i)n−k1−k2 × (l+k1)!(l+k2)!(−1)k1+k2

k1!k2!(l−k1)!(l−k2)!n tn+2l−k1−k2

***

J2(ωx)=

∫ ∞
ω2

dt

[
h

(1)
i (t)

]2
tα−2

(
[
h

(1)
l (t)

]2
=w(t)/t2l+2)→

∫ ∞
ωx

dt
w(t)

t2l+α



£C14¤
ùÒaqu£C3¤�/ªI(β, z) ≡

∫∞
z

v(t)
tβ
dt§ùpv(t)=w(t)β=2l + α§ù�£C9¤�±��µ

J2(ωx) = IA + (−1)l
∞∑
m=0

dm(ωx)
m+1−2l−α

m+ 1− 2l − α

£C15¤
ùpIA´)Û�3α ≤ −l¥§ÏL�L�±��µ

IA =
(−1)

l+1
(−i)α−1

2απ

Γ
(

3−α+2l
2

) [
Γ
(

2−α
2

)]2
Γ
(

1−α−2l
2

)
Γ(2− α)

£C16¤
2ÏLgamma¼ê�5�

√
πΓ(2z) = 22z−1Γ(z)Γ

(
z +

1

2

)
Γ(x) =

1

x(x+ 1) · · · (x+ n− 1)
Γ(x+ n)

��
Cz��

IA = (−1)l(−2i)α−1C(l, α)
Γ(2− α)

(α− 1)

£C17¤***

√
πΓ(2− α) = 22−α−1Γ( 2−α

2 )Γ
(

2−α
2 + 1

2

)
= Γ( 2−α

2 )Γ
(

2−α
2 + 1

2

)
21−α

→ Γ( 2−α
2 )

2

= πΓ(2−α)2

Γ( 3−α
2 )

2
1

22−2α

Γ
(

3−α+2l
2

)
= Γ

(
3−α

2 + l
)

=
(

3−α
2

) (
3−α

2 + 1
)
...
(

3−α
2 + l − 1

)
Γ
(

3−α
2

)
Γ
(

1−α−2l
2

)
= Γ

(
1−α

2 − l
)

= 1

( 1−α
2 −l)(

1−α
2 −l+1)...( 1−α

2 −1)
Γ
(

1−α
2

)
Γ( 3−α+2l

2 )[Γ( 2−α
2 )]

2
Γ( 1−α−2l

2 )
Γ(2−α)

=πΓ(2−α)2

Γ( 3−α
2 )

2
1

22−2αΓ
(

3−α
2

)
Γ
(

1−α
2

)
1

Γ(2−α)

( 3−α
2 )( 3−α

2 +1)...( 3−α
2 +l−1)

( 1−α
2 −l)(

1−α
2 −l+1)...( 1−α

2 −1)

(Cl, α) =
( 3−α

2 )( 3−α
2 +1)...( 3−α

2 +l−1)
( 1−α

2 −l)(
1−α

2 −l+1)...( 1−α
2 −1)

,Γ
(

3−α
2

)
= Γ

(
1 + 1−α

2

)
= 1−α

2 Γ
(

1−α
2

)
)→

IA = (−1)l+1(−i)α−1

2απ
π

22−2αCl, α)Γ(2− α) 2
1−α = (−1)l(−2i)α−1C(l, α)Γ(2−α)

(α−1)

***

C(l, α) =
l−1∏
j=0

α−2j−3
α+1+2j , l = 1, 2, . . .=£6.11¤ª§ò£C15¤,£C17¤�\£C10¤¥§��
{zbm ≡

dm
m+1−2l−α£C18¤��£6.10¤

I2(ω, x) = (ωx0)
α−2

J2(ωx)=(ωx0)
α−2

(−1)l(−2i)α−1C(l, α)Γ(2−α)
(α−1) + (−1)l

∞∑
m=0

dm(ωx)m+1−2l−α

m+1−2l−α

(bm ≡ dm
m+1−2l−α )→ (−1)l+12iC(l, α)Γ(2−α)

(α−1) (−2iωxo)
α−2

+ (−1)l(ωx)−2l−1
(
xo
x

)α−2 ∞∑
m=0

bm(l, α)(ωx)m

***¤
l£6.10¤�±wÑg(ω, x)¥�(−2iωxo)

α−2ò3K�Eê¶þÚå��§��rÝ�µ

∆(σ, x) ' π(−i)l+1(2σxo)
α−2C(l, α)

Γ(α)
(2σx)h

(2)
l (−iσx) (V.12)

£***

g(ω, x) = il+1(ωx)h
(1)
l (ωx)− ilωx

2


2−2l(ωx)−2l−1

(
xo
x

)α−2 l∑
m=0

am(l, α)(ωx)2mh
(1)
l (ωx)

−

 (−1)l+12iC(l, α)Γ(2−α)
(α−1) (−2iωxo)

α−2
+

(−1)l(ωx)−2l−1
(
xo
x

)α−2 ∞∑
m=0

bm(l, α)(ωx)m

h(2)
l (ωx)





ùp�1Ê!ØÓ�´h(1)
l (ωx), h

(1)
l (ωx)Ø¬Úå��Ï�ùpl¥Hankel¼êL�ª£C1-C2)�±wÑ"

∆(σ, x)=g+(−iσ, x)− g−(−iσ, x) = − lim
→0+

[I(−iσ+, x)− I(−iσ−, x)]

(h
(2)
l (ωx) i

lωx
2 (−1)l+12iC(l, α)Γ(2−α)

(α−1) (−2iωxo)
α−2

= il+1(ωx)(−1)l+1C(l, α)Γ(2−α)
(α−1) (−2iωxo)

α−2
h

(2)
l (ωx))→

= − lim
→0+

[il+1((−iσ+)x)(−1)l+1C(l, α)Γ(2−α)
(α−1) (−2i(−iσ+)xo)

α−2
h

(2)
l ((−iσ+)x)

−il+1((−iσ−)x)(−1)l+1C(l, α)Γ(2−α)
(α−1) (−2i(−iσ−)xo)

α−2
h

(2)
l ((−iσ−)x)]

ùp¢Sþ´Ú£3.10¤¦{���Ó"
õ�¼ê,�Ì�kü��©OéAn=0,n=1�£^��7��¤

w1 = z1
ρ = |z1|ρeiρArgz1

w2 = |z1|ρeiρArgz1+2πiρ = z1
ρe−2πiρ

(Γ(z)Γ(1− z) = π
sinπz ,Γ(x+ 1) = xΓ(x), sinπα = eiπα−e−iπα

2i , z1 = 2iωσ)→
(−iσ)x(−i)l+1C(l,α)

Γ(α) 2πi(−z1xo)
α−2

h
(2)
l ((−iσ)x) 1

eiπα−e−iπα (w1 − w2)

= (−iσ)x(−i)l+1C(l,α)
Γ(α) 2πi(xo)

α−2
(eiπ)α−2h

(2)
l ((−iσ)x) 1

eiπα−e−iπα z1
α−2(1− e−2πi(α−2))

= (σ)x(−i)l+1C(l,α)
Γ(α) 2π(xo)

α−2
h

(2)
l ((−iσ)x)(eiπ)α 1

eiπα−e−iπα z1
α−2(1− e−2πiα)

= (2σx)(−i)l+1C(l,α)
Γ(α) π(xo)

α−2
h

(2)
l ((−iσ)x)e−σx(2σxo)

α−2

***¤
W (g−, g+)�±�O�µ

W (g−, g+)|ω=−iσ 'W
(
g(0),∆

)
= −4πiσ(2σxo)

α−2C(l, α)

Γ(α)
(V.13)

£***

W (g−, g+) =g−g+
′ − g+g−

′ = (g0(−iσ−, x)− I(−iσ−, x))(g0
′(−iσ+, x)− I ′(−iσ+, x))

−(g0(−iσ+, x)− I(−iσ+, x))(g0
′(−iσ−, x)− I ′(−iσ−, x))

' −g0(−iσ−, x)I ′(−iσ+, x)− g0
′(−iσ+, x)I(−iσ−, x) + g0(−iσ+, x)I ′(−iσ−, x)

+g0
′(−iσ−, x)I(−iσ+, x)

W
(
g(0),∆

)
= g0(−iσ, x)(I ′(−iσ−, x)− I ′(−iσ+, x))− (I(−iσ−, x)− I(−iσ+, x))g0

′(−iσ, x)
= −g0(−iσ, x)I ′(−iσ+, x)− g0

′(−iσ, x)I(−iσ−, x) + g0(−iσ, x)I ′(−iσ−, x) + g0
′(−iσ, x)I(−iσ+, x)

g0(−iσ, x) = lim
→0+

[g0(−iσ−, x)] = lim
→0+

[g0(−iσ+, x)]

g0
′(−iσ, x) = lim

→0+
[g0
′(−iσ−, x)] = lim

→0+
[g0
′(−iσ+, x)]

→W (g−, g+) 'W
(
g(0),∆

)
W
(
g(0),∆

)
=− 4πiσ(2σxo)

α−2C(l, α)

Γ(α)

***¤
éun ≥ 3��ê£5.13¤�±��µ

W (g−,g+) = −4πiσ(2σxo)
n−2 C(l, n)

(n− 1)!
(V.14)

W (g±, f)^W
(
g(0), f

)
�Cq�O��µ

lim
σ→0

W (g+, f)W (g−, f) = σ−2lg2
o

ùp§go ≡ lim
ω→0

[
(iω)

l
W
(
g0, f

)]
ù´���0�~ê§�l = 0òz�g(0, 0)

(***

go(l = 0)→ lim
ω→0

[
W
(
g0, f

)]
(x = 0, ω = 0, f(ω, 0) = 0, f ′(ω, 0) = 1)→ g0(0, 0)f ′(0, 0)− g0′(0, 0), f(0, 0) = g0(0, 0)



***)
Ïd|^£3.12¤ª��µ

∆G̃(x, y;σ) ≡ G̃+(x, y;ω)− G̃−(x, y;ω)
∣∣∣
ω=−iσ

= W (g−,g+)
W (g+,f)W (g−,f)f(ω, x)f(ω, y)

∣∣∣
ω=−iσ

=
−4πiσ(2σxo)α−2 C(l,α)

Γ(α)

σ−2lg2
o

f(−iσ, x)f(−iσ, y)= ' −πi2αxα−2
o σ2l+α−1C(l,α)

Γ(α)
f(−iσ,x)f(−iσ,y)

g2
o

(V.15)

£5.15¤�\£3.16¤GL(x, y; t) = −i
∫∞

0
dσ
2π∆G̃(x, y;−iσ)e−σt¥��µ

GL(x, y; t) ' −f(0, x)f(0, y)

g2
o

C(l, α)2αxα−2
o

Γ(2l + α)

Γ(α)
t−(2l+α) ≡ −f(0, x)f(0, y)

g2
o

C(l, α)
F (α)

t2l+α
(V.16)

þªéα´�ê½��êÑ¤á"�´α´Ûê¿��u�2l + 3§C(l, α)=0§

£***C(l, α) =
l−1∏
j=0

α−2j−3
α+1+2j , l = 1, 2, . . .ù´ë¦§�´�0��Ä©f=�©fë¦�±��(α − 3)(α − 5)(α −

7)...(α+1− 2l)(α− 1− 2l)§��´Ûê¿��u2l + 3§©fÑ�0***¤
ù«�¹e�Ï1�3Å���Cqe¬��§¤±¬�Äp��Cq"ù¿�X3ù«�¹e§5gìC�«�

�õgÑ�´é��"·�Ø?Øp�O��[!§�lþj©Û§·�Ï"µ

GL(x, y; t) ∼ t−(2l+α)

[
A1 +A2

(xo
t

)α−2

+A3

(xo
t

)2(α−2)

+ · · ·
]
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