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BOLTZMANN EQUATION AND MOMENT EQUATIONS IN CURVILINEAR COORDINATES 
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A B S T R A C T :  Various forms of writing the Boltzmann equation in an ar- 

bitrary orthogonal curvilinear coordinate system are discussed. The 
derivation is presented of a general ~ransport equation and moment 
equations containing moments of the distribution function no higher 
than the fourth. For a gas of Maxwellian molecules it is shown that the 
system of moment equations for flows which differ little from equilib- 
rium flows transforms into the system of hydrodynamic equations. The 
resulting equations may be useful in solving problems on motions of 
a rarefied gas by the moment methods. The results are valid for both 
the Bolrzmann equation and model kinetic equations. 

1. All the variations which take place in a rarefied gas in the ab- 
sence of external forces are described by the Boltzmann equation 

a! of ol 

Here x, y, z are Cartesian coordinates of the physical space; gx, 
gy, gz are components of the molecular velocity vector g on the 
coordinate axes with unit vectors i, j, k; f is the distribution function, 
depending on t, x, y, z, gx, gy, .~z; J isthe collision integral, which is 
some functional of f ,  whose concrete form is nor of interest to us. 

We shall transform the Boltzmann equation to an arbitrary orthog- 
onal coordinate systerr~. Let %, qz, qs be curvilinear coordinates of the 
point x, y, z of the physical space, so that 

x - -  x ( q i ,  q2, qa) ,  V = Y ( q i ,  qz,  q3), z = g ( q l ,  q2, q3), (1, 2) 

and, conversely, 

q~ = q~(x, y, z) (i = t, 2, 3). (1,3) 

Converting in (1.1) from the Cartesian coordinates x, y, z to the 
curvilinear coordinates with unchanged gx, gy, gz, we obtain 

of ~ a~ ~ of ~s of 

H~Oqi H~Oq~ HiOq~ 
~ = ~ +--~7, ~ + ~ ,  (1.4) 

II~ = l>(ox/oqoa +(a~/aqd2+(az/oqd 2 (i = i ~,~ 3). (1.5) 

Here H i are the Lamg parameters. 
The quantity Hi8q i is the length of the arc 8s i of the coordinate 

iine qi, and Hi~qi/Ox is the cosine of the angle which the normal to 
the surface qi = const, and consequently (in view of the system orthog- 
onality) the line qi as well, forms with the x-axis. Consequently, gi 
is the projection of the velocity vector g on the tangent to the coordi- 
nate line qi. It is obvious that for the same vector g the projections 
[i at different points of the physical space are different. Denoting by 
el, e2, e~ the unit vectors of the curvilinear coordinate system, we 
write the expression for gi in the form 

~ = ~ (e~-i) + ~ (e~.j) + ~(e~-k) ( i = t ,  2 ,3) .  (1.6) 

Thus, if the gas motion is considered in the orthogonal curvilinear 
coordinate system, and the molecular velocities are considered in the 
Cartesian frame, then for the distribution function f(t, q~, q2, qs, gx, 
[y, [z) we have the Boltzmann equation in the form of (1.4), and gi are 
expressed by Eq. (1.6). 

To obtain the transport equations it is advisable to write the Boltz- 
mann equation in divergence form. 

To do this, we note that for the fixed vector 

we have the equaIity 

1 O~,[lzH~, z_ O~2[I~H~ O~H~Hz 
H,H,H, ( Oq, ' Oq, , + - - ~ q ~  ) = 0 .  

(1.7) 

Equation (1.7) may be verified by direct differentiation, if we use 
the formulas for the derivatives 8[i/8qi which are presented below. 
However, it is sufficiently obvious physically, since the flux of a con- 
stant vector through any closed surface is equal to zero. Considering 
(1.7), we write the Boltzmann equation in the form 

O] 1 I O]~. tHeHz O]g~HzHi O]~zH~Hz \ + ) = '  

This equation may also be derived directly, forming, just as in 
Cartesian coordinates, the balance of the number of particles of velocity 

= gxi + gyj + gz k for the elemental volume dr  = HIH2Hadqtd%dqs. 
The conversion to eurvilinear coordinates may be carried even fur- 

ther. Namely, not only is a point of the physical space specified by the 
coordinates qt, q2, qs, but the molecular velocity is also referred to the 
curvilinear coordinates, i . e . ,  in place of the arguments t, %, q2, qs, 
gx, gy, gz in the distribution function we introduce t, q,, q2, qs, g~, 
g2, gs. Converting in (1.4) from gx, gy, gz to gl, gl, gs according to 
(1.6), and noting that the collision integral is invariant with respect 
to axis rotation, we obtain 

a/ o/ g o~  al  o i a 
--  7, - -  , etc. (1.9) 

-~t-}- ~ " ~  -~- Ose 0~ Osi Hi Oqi 

The derivatives of f with respect to qi are taken for fixed gl, ~z, 
gs, and those of gB with respect to qc~ are taken for fixed gx, gy, gz. 
Here and everywhere hereafter the summation is understood over repeat- 
ing Greek subscripts. 

Thus, inertia terms appear in the BoItzmann equation. In order to 
give (1.9) its finai form, we must substitute in place of 5[~/Os a their 
expressions in terms of gi, qi (see Eqs. (2. 4)); however, in view of the 
compIexity this equation will not be written out. 

2. To derive the general transport equation we use the Boltzmann 
equation in the divergence form of (1.8). We note that the transport 

equation may also be obtained from (1.9). 

Let ~o(g 1, g2, ~3) be an arbitrary function of gl, g2, gs. MultipIying 
(1.8) by ~ and transforming the sum of the derivatives of f to the di- 
vergence form, we obtain 

O](p t ( aIcp~,II2H3 0](pg2H~H~ ai(pg~H~Hz ) _  p:D = ~], (2.1) 

Br~ Oqi Ha Oq2 Sis Oq3 

The function ~ depends on the coordinates only through the velocity 
components, so that 

0q0 0q0 0~= 
- -  ( i  = t ,  2,  3 ) .  

Oq~ 0~. Oqi 

Consequent ly , �9  is represented in the form 

0qo f 0g~ \ 

�9 =oZ (2.a) 

The velocity g = gx i + gyj + gzk is an independent variable func- 
tion of the distribution; therefore 5g/Oqi = 0, and the derivatives @~i/8qj 
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are nonzero because of the curvilinearity of the coordinate system 

og~ o (e,.~) oe~ 
aqi Oq~ Oq~ 

Using the formulas for the derivatives of unit vectors with respect 
to the coordinates q] (see, for example,  [1], page 206), we obtain 

a~, ~ a/tt ~a oI1~ o~ ~ aII~ 

H~oqt HIH2 oq~ HtHaOq~' H~Oqz H~H t Oq~ 

(2.4) 
HaOqa H~Ha Oq~ 

and two groups of analogous expressions for the derivatives of gz and ga, 
which are obtained from (2. 4) by cyclic permutation of subscripts. 

Substituting into (2. 3) the expressions for the derivatives of gee ac-  
cording to Eqs. (2.4), we represent �9 in the form 

( ~i2 0tli ~,~i OHj ,) Ol~ 

We shall denote by angle brackets the averaged, macroscopic 
characteristics obtained from microscopic ones by multiplying by the 
distribution function f and integrating over the entire velocity space. 
Then, in accordance with (2.1), the general transport equation is 
written in the form 

o <~> ~z,& a<q)> t O<,m~,>HeHa O<c#~z> Ha f I t  

at + ~ Oqt " Oqz Oq~ / 

-- <O> = <&>, <1,> = ~ mYd~. (2. 6) 
d 

3. We shall derive from the general transport equation (2.6) the 
moment  equations, containing moments  up to and including the fourth. 

Following [2], we introduce the notations 

"J { s ) .  ~ 

(a) _ 

In addition, we denote by <Od~)), <0~#)), ( O~j~> the averaged 

values of r fo~ 

= g,, ~ = ~ ,  ~ = ~ U g ~  �9 

Setting ~o =1,  ~ =  giand ~ =  ~ 2 +  g z + s z in the general trans- 
port equation, we obtain the mass, momentum,  and energy conserva- 

tion equations: 

0p t ( Opu~H=Ha apuzHaH~ Opu,HtHz 

Opu~ 1 [ 0 0 
-1 ~{_~q HzIIa(pu,ui + Pxi)+~qz Hatt~(pUzUi + PzO+ 

Ot H~H~Ha 

0 1 
+ ~ q  H~H~(puau~ + Pa,) J - -  <Od~)> = O, (3, 2) 

0 (3p + pu~u~) t 0 
47 - - - -  [ --tlzH~(pu~u~,u~ + 3u~p + 2uaPt~ + St)+ 

Ot tidlztla L Oq, 

o 
+ --HaH~(puzu=u~ + 3uzP + 2u:P~ + Sz)+ 

oq~ 

o ] 
+ - -  H~H2 (puau~= + 3uap + '2~=Pa~ + Sa) = O. (3.3) 

Oqa 

The expressions for <c0d~)> are easily obtained from (2.5): 

t OH~ 1 OHa 
- -  - -  ( 3 . 4 )  

as are the analogous expressions for <@2o;> and <Oa(')>. Using the 
equation of continuity and me  momentum equation, we write the energy 
in the form 

o, , 0 §  ( 1 )  
Ot H~H~H~ k Oqi \ q~ 

+7~H,& ~ + - T  s, +TP. ,  o~+-f~.<e-('>> =o.(~.~) 

Now we set ~o = gig j and ~o = gigjgk in (2.6). Performing the same 
transformations as in the derivation of the corresponding equations in 
Cartesian coordinates [2], we obtain 

OP, ~ i O " O 

Ot H~HzHa L Oq~ Oqz 

0 7 Ou~ Ou t 

oq~ 6s~ Os= 

O~ ~) ~ + u  " ~ #  i i ~  =) (3. ~) 

Ot Oq~ Oqz 

0 7 Ou~ Ou~ c?u~ 
+ - - H f l ~  (~S~,  + Q~a) ] + S ~  + S~j~ - - -  -- aqa as, + S~.~ ~ as~ 

OHoHaP~ OHzHaP~ OHaHsP~ 
i P,~ _ ~ P ~  _ _ - -  + P ~  . . . . . . .  4- 

pHiH~Ha Oqi Oq~ Oqt 

OHaH~Pe~ OHaHtPx~ P~ OHaH~Pei + 7- j~- - -  AV 
Oq~ Oqz Oq~ 

OH~HzP~ OH~HzPa~ OH~HzPa~ \ 

Oqa Oqa Oqa 

1 
-~- --(Pij <El)kit)> -~- Pjk <([91(I) > -~ p~:i<(/rDj(|)>)-- <ol)ijk> .~- 

9 

(s) 
- -  u,~u~ <0/% = <I~> . Ca. 7) 

_ ( Z )  _ 

The quantities <q~ih>, <$dv'},  are calculated elementarily on the 
basis of (2.5): however, because of length they are not presented here. 

4. Equations (3.6),  (3.7) in the case of Maxwellian molecules 
make it possible to obtain expressions for the stresses and the thermal  
fluxes in the hydrodynamic approximation. Converting from Pij to Pij 
and excluding 0p/0t with the aid of the energy equation in the form 
(8.5), we wrke (3.8) in the form 

Opij t O \ 
+ - - , f [ - - H z H ,  / u,p~j t 

Ot HtII2H~ iloqi \ + Si~t -- ~-- 6ijSi ) + 

o ( , ) 
+--HaHi u2Po+Si j z - - -~6i jS2  + 

Oqz 

0 --- )7 + 

Oui Ouj 2 Ou~ 
+P~'--+P~'o~ o~. -T~"P=~,~ + 

/ Ou~ Ouj 2 Ou~ \ 
+ p l - - + - - - - - 6 ~ - - ~ -  

kos, Os~ 3 Os~ / 

(z~ 2 ] Iz) 
-- <~. > + uj <r + ul <~j")> - -~- 6~jn~ <4~(~)> = < ~j >. (4. I) 

For Maxwell molecules 
1 OH~ l OH~ 

<i,/~)> 
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Passing in (4. I)  to the limit as p ~ 0 and combining terms in 6ij, 
we find the expression for Pij: 

It,  0 u, + H, O [  u,j ,~-] 
g ' [ - ~ q j ( H ~ - i )  H ~ q - ~ - \ H ~ ] J  (i=/=j), (4.2) P o = - -  

r I- ua OH~ 0 u~ 

2 I ( Ou,tIztla Ou2It,tl,+ Ou:~rtII~ ~ 

Considering that the deformation rate tensor components are ex- 
pressed by the equations [3] 

tl, 0 ( u ~ )  11, 0 ( u,~ 

u~ O / / , q _ L (  ul ~ (4.5) 

we obtain the linear connection between the stress tensor and the de- 
formation rate tensor which is umal for Navier-Stokes theory: 

pij = --2~eij, p~ = --2~te~i q- z/a~te~,~ (i ~ j) (4.6) 

We obtain the expression for the thermal flux components Si/2 
from (3. 7). For Maxwellian molecules 

We set j = k = r in (2.8), sum with respect to r and pass to the 
limit as g ---" 0. Noting that in r_he limit 

Qij~z = pRr (6ij6kl + 6i~GjL + 6~16~) 

and that all the terms depending on �9 cancel one another, we arrive at 
the usual expression of the Fourier law for a monatomic ga~ 

0T 
l /zS ~ = - ~ _ _  ( ~  = 1 5 / , , R p 0 .  ( 4 .  7 )  

HiOqi 

5. The transport equations and the moment equations presented 
above, written in universal form, may be useful for solving problems 
by the moment method, i . e . ,  by the method of dosing the system of 
moment equations by suitable approximation of the distribution function. 
In particular, we could write the 13-moment Grad equation, specifying, 
just as in [2], the form of the distribution function. However, this ap- 
proach is not justified because of the asymptotic nature of the series 

convergence. 
In conclusion we note that the form of the collisional term was not 

used in the arguments presented above, other than w so that the 
results are valid for both the 13ottzmann equation and its kinetic models. 

The author wishes to thank A. A. Nikol'skii for discussions and 

helpful comments. 
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