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The classic Klein paradox, particle creation due to the presence of very strong elec-
tromagnetic potentials, is reconsidered. Vacuum expectation values of the current and
momentum operators are calculated for both massive spin zero and massive spin one-half
fields. These new results, used as a measure of the number of particles produced, are compared
with the results of others for the vacuum expectation value of the number operator. The
relationship between superradiance and pair creation is explained and common conceptual
errors are pointed out.  © 1988 Academic Press, Inc.

I. INTRODUCTION

The study of fields in strong electromagnetic backgrounds, known as the Klein
paradox in the literature, encompasses two distinct phenomena—superradiance and
pair creation. Two recent developments have prompted a resurgence in the study of
such fields: first, the possibility of experimental verification of pair creation by such
potentials during the scattering of heavy ions [ 1]; and second, the study of fields in
strong gravitational backgrounds [2] which would benefit from a simple
qualitative analogue.

The fields considered here are a massive, charged, spin 0 boson field and a
massive, charged, spin ; fermion field, minimally coupled to a vector potential 4* of
the form A% = (@, 0, 0,0) where & is a function only of the cartesian x-coordinate
which goes to — V//2 as x goes to negative infinity and to /2 as x goes to positive
infinity. Superradiance and/or pair creation can occur only if ¥ is greater than twice
the rest mass of the boson or fermion (the only case considered in this paper).

Superradiance is said to occur if a single mode incident on the potential barrier
has a reflected current greater than its incoming current. To discuss pair creation
the relevant field is second quantized in the canonical way; in- and out-states are
defined. Pair creation is said to occur if the in-vacuum expectation value of the
current operator is nonzero or if the in-vacuum expectation value of the out-
number operator is nonzero.
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In Section II we discuss the properties of one complete set of solutions of the
dynamical equations, called the in-modes. Wronskian relations for these modes are
used to show that superradiance occurs in the boson but not the fermion case.
While the analytical results of this section are not new, an early misinterpretation is
still prevalent in the literature. At the end of Section II this misinterpretation is
corrected and the work of other authors is discussed. In Section III we discuss
second quantization. The vacuum expectation values of the current and momentum
operators are calculated. The results show that although superradiance occurs only
in the boson case, strong electromagnetic potentials can create pairs of either
bosons or fermions. The results of this section are believed to be new. In Section IV
a second set of solutions of the dynamical equations, called out-modes, is defined.
Bogoliubov relations, expressing the out-modes as linear combinations of the in-
modes, are calculated. These results are used to compute the vacuum expectation
value of the out-number operator in the in-vacuum, i.e., the number of particles
produced by the potential at late times in a state which begins as the vacuum at
early times. The Bogoliubov calculation is the approach taken by many of the
authors listed at the end of Section II. The results confirm pair creation in both the
boson and the fermion cases. Appendix 1 records calculations of reflection and
transmission coefficients for several specific potentials of the general type considered
in the body of the paper. These coefficients have been calculated by many of the
authors listed at the end of Section II. Appendix 2 is used to describe properties of
the spinors used in the fermion calculation.

II. MODES AND SUPERRADIANCE

Bosons

The action for a massive scalar field ¢ minimally coupled to an electromagnetic
potential 4* is

S=— j d*x(9*., 4.4 + mP*4), (1)

where we use the metric 1, =diag(—1, 1, 1, 1) and - is defined such that
$.,=(0,—ied,)d
¢*.,= (0, +ied,)p*.
Variation with respect to ¢* leads to the dynamical equation
¢ —m*$=0. (2)

This paper will consider potentials of the form 4% = (@, 0, 0, 0) where @ is a barrier
varying only in the x-direction which goes to —¥/2 as x goes to negative infinity
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and to ¥/2 as x goes to positive infinity (henceforth denoted as “to the left” and “to
the right,” respectively). See Fig. 1. For potentials of this type, choose solutions of
the form

Win = Nei(k vy -wl)f(x)a

where y denotes the two dimensional spatial vector ( y, z) with k the corresponding
two dimensional wave vector, and N is a normalization factor to be determined
later. f(x) must satisfy the separated dynamical equation

[iz_+(w—e¢>2—(k2+m2>]f(x)=0. (3)

x2

Far from the barrier the solutions of the dynamical equation look like plane waves.
One complete set of modes is given asymptotically by

L e + Re—4x as X — — o0
Wy = Ntk oy =0 2% 4
n Te™ a8 X W (42)
and
o Te—x as x— — o0
W_- =Nel(k-yfwl) ) . 4b
" e~ 4 Re"™ as x— oo, (4b)
where
g’ = (w+eV/2)? — (k2 + m?)
(5)

r*=(w—eV/2)? - (k*+ m?).
w A edk) Region 1

eV 2 B mE ) R e e e o

ev/e [

evie-(WBemVBL o LN S - - - -
Region I

-

o2 Bemi )R e oo
Region IW
—ev/2
T U L i M S e e T
Region ¥

FiG. 1. An example of the type of potential &(x) considered, showing the five regions for the
frequency.
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The reflection and transmission coefficients R, R, T, and T depend on the detailed
shape of the barrier. Some specific examples are calculated in Appendix 1.

The range of frequencies is divided into five regions according to the behavior of
waves with those frequencies (see Fig. 1),

Region I eV2+ (k*+m?)*<w

Region II eV2—(k*+m*) 2 <w<eV/2 + (k* + m?)'?
Region II1 —eVR2+ (kP +m*) <o <eV/2 — (k2 +m?)'?
Region IV —eVR2— (k2 +m* )2 <o —eV/2+ (k2 +m?)1?
Region V o< —eV/2—(k*+m?)'2

Note that ¢ is imaginary in region IV and r is imaginary in region II. Consider the
first set of modes Eq. (4a), henceforth called left modes. Build a wave packet from
left modes with a narrow frequency range. This broad packet consists of a wave
which comes in from the left at early times, with at late times both a reflected piece
back toward the left and a transmitted piece toward the right. See Fig. 2a. Such a
wave can exist only for frequencies w for which ¢ is real (regions I, I1, ITL, V). When
g is imaginary (region IV) the incoming wave is physically unable to propagate,
corresponding to the mass gap in a spacetime with zero potential. When r is
imaginary (regionll), the wave exists since the incoming and reflected parts
propagate freely, however, the transmitted part is exponentially damped. The
second set of modes, Eq. (4b), henceforth called right modes, is classified similarly
with the roles of ¢ and r reversed; ie, no modes exist when r is imaginary
(region II) since the incoming wave cannot propagate; when ¢ is imaginary
(region IV), the mode exists but its transmitted part is exponentially damped. See
Fig. 2b.

The dispersion relations Eq. (5) do not determine the signs of ¢ and r. The group
velocity of the waves must be used to determine these signs. We require the

a b

F1G. 2. (a) Left in-modes come in from infinity from the left at early times and go out to infinity in
both directions at late times. (b) Right in-modes come in from infinity from the right at early times and
go out to infinity in both directions at late times.
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incoming part of the wave from the left modes to have positive group velocity
dw/dg so that they travel from left to right. The restriction

do___ 4o,
dg (w+eV)2)
gives
eV .
q>0 for w> —5 regions I, IL, 111

v
g<0 for w< —fz— region V.,

Similarly requiring the incoming part of the wave from the right modes to travel
from right to left gives

do r
e >0
dr (o—eV)2)
|4
r>0 for w >e—2— region I
eV

r<0 for w< 5 regions 111, IV, V.

If w and w' are two solutions of the dynamical equation (2), their inner product
(w, w') is defined by

(w, W)= —iL (W' — w5 W) dE

where 2, is an arbitrary, asymptotically spacelike hypersurface. The inner product
is independent of X, by virtue of the dynamical equation (2). For simplicity we
choose a constant time hypersurface. To normalize the modes it is sufficient to
normalize the incoming part of the wave in the asymptotic potential which it sees.
This corresponds to taking the plane wave limit of the normalization of a broad
packet [3]. The choice

N=[2(2r)*|g|]"?
N=[202r)*|r|]""?
normalizes the modes so that
(Wins Win) =¢ 6(0 — ') $*(k — k')
(Win, Win) =2 8(0 — ') 8*(k — k') (6)

-

(win’ w_:n) = 09
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where
e—{-ﬂ when w+eV/2>0

-1 when w+eV/2<0
(7)

.+l when w—eV/2>0
-1 when o —eV/2<0.

Although the reflection and transmission coefficients depend upon the detailed
shape of the barrier, general relations among the coefficients (known as Wronskian
relations) can be obtained from current conservation. If f; and f, are any two
solutions of the separated dynamical equation (3), then

(5 5)-(50)5 ®)

is a conserved current because the first derivative of this expression vanishes by
virtue of Eq. (3). Note that since Eq. (3) is real, if f is a solution, so is f*. Equating
the value of expression (8) in the two asymptotic regions for various solutions gives
the Wronskian relations listed as Egs. (1) — (4), (13), and (17) in Table I. The first
two of these relations show that in region III (henceforth called the Klein region)
where ¢ is positive and r is negative we have

IRI*>>1;

i.e., the reflected current is greater than the incident current; the modes in the Klein
region are superradiant.
Fermions

The action for a massive spin 1 field ¥ minimally coupled to an electromagnetic
potential A4, is

S= —ijd“x(?’*yoy“?’.”+m‘1”y°7’), 9)

where the four y* are 4 x4 Dirac matrices satisfying the anticommutation relation
{y*,y*} = 2g™. Variation with respect to ¥ leads to the dynamical equation

P, +mP=0. (10)

One complete set of solutions is given asymptotically by

-

! N pitk -y —wt
iin iel Y )
eiqxii e)iqx(lziilk jaz,X‘ZR) as x- 0

irxe g L (lla)
e (Tifir+ Tixar) as x-—» o0
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TABLE I

Boson Wronskian Relations

Regions I, I1I, V Region II

() 1—|Rlz=§|7‘1’ (13) |R)?=1
@ 1-RE=d 0 (14) 10 =1
3) T:%T (15) RO=1
(4) RT*:—%R*T (16) R=0*

(5) 1—|Q‘|2=%|S‘|2

6) 1-101>=21312
(6) 10l qll

7 §=%s

r

- r Ax
® QS*:—EﬁQ Region IV
©) R=0* (17) |R)?=1
10) R=0* .
(10 f (18) 10 =1
() T=75° (19) RJ=1
(12) T:éS* (20) R=g*
and

v _ N Lilk-y—wt)
Yin=N,e

e “(Titvr+ Tidar) as xX— - 11b
{e‘mii'*‘ e™(Rif\n+ Ridor) as x— o, (11b)
where i=1,2 is a spin index, the various R’s and T’s are reflection and trans-
mission coefficients which depend on the detailed shape of the potential barrier (see
Appendix 1), and the x’s are constant spinors. The notation used for the spinors
and a description of their properties is given in Appendix 2.
The analysis of the behavior of the modes in the different regions is identical to
that of the boson case since the solutions of the fermion dynamical equation (10)
are also solutions of the equation

b= = ier (7 @) ¥ =0.
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This is just the dynamical equation for the boson case with an extra term
containing the derivative of the barrier function. Since the barrier function is
constant in the asymptotic regions this term does not affect the dispersion relations
Eq. (5) or the analysis of the group velocity of the waves.

If ¥ and ¢’ are two solutions of the dynamical equation, their inner product
(¥, ') is defined by

)=~ [ (W) dz,,

where X, is an arbitrary spacelike hypersurface, chosen for simplicity to be a
constant time hypersurface. The inner product is independent of the choice of
hypersurface by virtue of the dynamical equation (10). As before we will normalize
the incoming part of the wave in the asymptotic potential which it sees. The choice

Ni= (27[)*3/2 (ﬂ)l/z
]

N,= (1)~ (ﬁ)m
||

normalizes the modes so that

Wi Yj) = +(0— o) 6*(k=K') 0.,

where ¢, means that the inner product is zero unless the modes are both incoming
from the left or both incoming from the right. Note that the plus sign holds for all
modes, unlike the boson case.

Wronskian relations for the fermion case can be found from the current
¥]y%'y, which is conserved by virtue of the dynamical equation (10). Using the
same methods as those in the boson case and the properties of the spinors discussed
in Appendix 2, we obtain the Wronskian relations (valid for i, j=1, 2) listed as
Egs. (1)-(4), (13), and (17) in Table II. Since eq = |¢q| and &'r = |r|, the first two of
these relations with /= show that the reflected current is always less than the
incident current. Superradiance does not occur in the fermion case.

At this stage it is necessary to discuss previous work on the Klein paradox.
Klein’s original paper [4] (in German) was the first to consider the solution of the
Dirac equation in the presence of a step potential (a particular example of the type
of potential considered here). Kiein was surprised that there were modes for which
the “norm” of the incoming part was positive and the “norm” of the transmitted
part was negative. This phenomenon was soon dubbed the Klein paradox by Sauter
[5]. Niels Bohr had apparently pointed out to Klein (see the footnote in Kliein’s
paper) the argument using group velocities to determine the signs of ¢ and r.
Therefore Klein did his calculations correctly and his equations show no
superradiance for this fermion case. Never having heard of superradiance and thus



KLEIN PARADOX AND SUPERRADIANCE

TABLE 1I

Fermion Wronskian Relations

269

Regions I, III, V

Regions I, 111, V

Lo o BT L . =
() =R -RPR =T (TrT+ 7Ty any Ti=Esr
eEr
P P & . P P - =
2) 1—ﬁ;“R,-—R;*R}=£—,‘i(T}“T,+T,’*T,f) T’1=8—,qu§
er . &g 4
3) F=2F 9 §yx
@) Ti=, T =518
Ti=2 T Ty=2 5y
eq e'r
o :
T=2 1, (12) T,=218:
&q &q
Ty=27, Ti=251
&q &
@) RTF+RT = ~ZL(RT+ BT Tz=i—q’§',*
O - s aaa - !
(5) 1-070,~0i*0j ==L (S15,+5:°S)) Tyt 83t

(6) 1—Qi*Q,—Q:*Q;=g(§i*§j+S-’*S‘;)

Region II
& o
(7 §1=£ 5 (13) R*R+R*K =1
T (14) 0XQ;+0i*0; =1
1= S (15) (1~38,)=R.Q;+R:Q,
(16) @,=Ry
&q =
Si=5 5 \= R
,_e_q_. Q2=ﬁ’1"l
Sz_f,’r ! y= Ry*
(8) 0.5r+0:5*= —Z—J(Q,*&Q;*g;)
(9) R, =0r Region IV
Ri=02 (17) R*R,+R*R =1
R,=01* (18) O*Q;+0i*g; =1
Ry=05* (19) (1-8,)=R.0;+ R0,
(10) R,=0¢ (20) O,=Rt
R, =0% g\=Rs
R2=Q"1* Q2=R1*
Ry=0y* 05=Ry*
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not expecting it, he made no comment about this point. Much later, workers
publishing in English, including the standard textbook treatments [67], missed the
argument about the signs of g4 and r and assumed them to be positive. As the reader
can see, this would make the fermion modes in the Klein region appear
superradiant. The name Klein paradox was reassigned to this mistaken
phenomenon of superradiance. Interestingly, there are superradiant boson modes,
so the effect does exist but for a different example. The most recent papers dealing
with the Klein paradox are of several types. They consider only the boson case [7];
or they contain the same mistaken sign in various forms [8]; or they obtain the
correct sign but misinterpret the significance of the norm of the modes [9]; or they
put the correct sign into the Wronskian relations without proof [10] so as to agree
with the Kerr black hole calculations which show superradiant boson modes, but
no superradiant fermion modes. After this work was completed, a nice treatment of
superradiance was published by Greiner, Miiller, and Rafelski [ 14] which gets both
the signs and the physical argument correct.

ITI. SECOND QUANTIZATION, CURRENT, MOMENTUM

Further insight into the Klein paradox is obtained when the problem is second
quantized and viewed in the many particle picture.

Bosons

During canonical quantization the field ¢ is usually written as a sum over the
positive frequency solutions of the dynamical field equation and over the complex
conjugate of the positive frequency solutions to the complex conjugate of the
dynamical field equation. However, when an external potential is present modes
with positive and negative frequency do not necessarily correspond to modes with
positive and negative norm. It is actually the norm of the mode which is important
as it is this sign which determines the commutation relations between the creation
and the annihilation operators. To avoid confusion this paper will always expand
the field as a sum over all the solutions of the dynamical field equation (which is
exactly equivalent to the standard method). However, the reader is cautioned to
remember that integrals over the frequency w now extend over all values from
minus infinity to infinity which are allowed by the dispersion relations Egs. (5)
rather than over the allowed values from zero to infinity as in the standard
procedure. The integral over k also extends from minus infinity to infinity in both
dimensions unless otherwise specified,

$(x)=3 [ do> | Pk au(o, k, <) iy, k, %)+ bl (@, k ) v(0, k, —])],
- (12)
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where the u;, and v,, are the positive and negative normed modes w,,, respectively,
and « is a label which runs over left and right modes.
Now according to the canonical procedure, ¢ and

become operators which satisfy the commutation relation
[8(2, x, ), (1, X', y) ] =id(x ~ x') 8*(y —y').

This imposes the following commutation relations on the creation operators a,, and
bin?
[ai(@, k ), al (@', k', )] = (0 — ') $*(k—k') 5.
[bin(, k, <), bl (@', K, )] =d(0— ') *(k—k') d...

All other commutators are zero.
The charge symmetric form of the current operator (obtained by varying the
action Eq. (1) with respect to 4,) is given by

j“=(_71e> lim (9 — 3% — ieA" — ied")

x—x'

X [B(L x, y) ¢*(1', X', y') + *(¢', X', y') $(1, x, ¥) 1.

Using the expansion of ¢, Eq. (12), and taking the vacuum expectation value, one
obtains

Ol ¥ 01> = (_Tle> lim (0" — 0" —ied" —ieA")

x—=x

x Y. [ do> [ K[, k, 1) ub(, k, | x)

+ vin(0, k, =] x) vh(o, k, <] x)],
where the in-vacuum |0,,) is defined by
(@, kK, <)]0;,> =0
bin(@, k, )10;,> =0

After inserting the expressions for the modes Egs. (4) into the above expression, a
straightforward calculation using the Wronskian relations in Table I gives for the
current in the x-direction

€ | .
0~ X . - - 2
<040 1710, (zn)3'[c{2kjdw T as xo e, (13)

595/181/2-7
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where the integrals here are over only those modes in the Klein region. In the other
regions the contribution from the left modes cancels the contribution from the right
modes. Since r/q is negative in region III we see there is a current traveling from
right to left indicating a flow of charged particles. To examine which way the par-
ticles are traveling we will calculate the vacuum expectation value of the momen-
tum 7 The stress-energy tensor T*” (obtained by varying the action Eq. (1) with
respect to g, is

"= —g"[¢* 4.+ m2g*¢] + * 1P + §*.* p.F.
With a calculation similar to that for the current we obtain

(0 1T 0> = =3 Tim [(2, ~ie®)0.) + (2, +ie®)(?,)]

x¥ J do> j k[, (@, k, | x) ut(w, k, | x')
+ vin(a)s k’ HIX) Ui:'l:(w’ ka HIX’)]

+

1 Nr o
(Zn)3fd2kjdw<w+%>é|r|2 as x— —m

1 2 e roi=s
+(2n)3fdkfdw(w—7'/>5|r| as x— o,

where again the integrals are over only those modes in the Klein region. These
equations show that the momentum is negative to the left of the barrier and
positive to the right of the barrier. Thus we see that charged pairs are being created
at the potential barrier. The positively charged particles are being repelled off
toward the left and the negatively charged particles are repelled off toward the
right, creating a net negative current everywhere.

Fermions

Expand the field ¥ as a sum over the complete set of solutions of the dynamical
equation

¥ =Y T [do [ Pklcalo, k o, Dup(o, k o] x)

— i=12

+ d?n(ws k9 >, l) Uiin(w’ ka « | X)], (14)

where the division between the u;;, and v,;, occurs for precisely the same frequencies
and directions of modes as those in the boson case.
Now according to the canonical procedure ¥ and

0L

T —ipt

n
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become operators which satisfy the anticommutation relations
{P(t, x,y), 1(t, X', y')} =id(x —x') *(y —y')

which imposes the following anticommutation relations on the annihilation
operators ¢;, and d,,,

{cin(wa k’ >, i)’ Cifn(a): k,’ 3, j)} = 5((,0 - (D,) 52(“ - kl) 54—-» 51’J
{din(w’ ka o, l)a di);(w,s kl? «, ])} = 5(('0 - wl) 52(" - k’) 5*—» 51’,,'"
All other anticommutators are zero.
The current operator (obtained by varying the action Eq. (9) with respect to 4 )
is given by
Jh=—e¥hyo%ryp.

Charge symmetrizing, using the expansion for ¥ Eq. (14), and taking the vacuum
expectation value, one obtains

1100 = =31 [ do | 'k

X [UT ((,l), k9 H] x) yovlviin(w’ ka H‘-x)

iin

_u!in(w, k,H|X) voyluiin(wa k,HIX)] (15)

After inserting the expressions for the modes Egs. (11) into the above expression, a

straightforward calculation using the Wronskian relations in Table I and the

properties of the spinors and projection operators discussed in Appendix 1 gives for
the current in the x-direction

e e'r

0. 170 5= ——° | & £r

(O 1100 = ~ s [ €k [ do =

(T 2+ 1T+ 1T +1T51%)  as x—too,  (16)

where the integrals are over only those modes in the Klein region. Since &'r/eq is
always positive we see there is a current traveling from right to left, ¢f. Eq. (13).

The stress-energy tensor 7" (obtained by varying the action Eq. (9) with respect
to the tetrad e,, [11]) is

™ =‘—; ANV AR A ER AR T S AR AN
With a calculation similar to that for the current we obtain

04 [T 00> = : szkdw<w+e—~ Er
2 ) eq

T (2n)

x (T 2+ T2+ T2 +1T5%)  as x—- —o0
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1 eV\¢e'r
0. _|T™*0, >=— Ak ldolo—-——-12=
O 111 0 (271)SJ f < 2 ) &q

x (IT\ 2+ |T{P+|T*+|T3%) as x> +oo,

where the integrals are over only those modes in the Klein region. As in the boson
case, the momentum to the left is negative and the momentum to the right is
positive indicating charged paricles created at the barrier being repelled away in
opposite directions creating a negative current everywhere.

IV. BoGgoLiuBov RELATIONS, NUMBER OF PARTICLES

Bosons

A second complete set of solutions to the dynamical equation (2) is given
asymptotically by

e Qe as x— —o©

Wo, = Me'® YNyl 17a
out Se—r* as x— (172)
and
o Seie as x— —w
wosze’“"Y*w’)x irx 3, —irx (17b)
e+ Qe as x— oo.

The analysis of the behavior and properties of these modes is analogous to that
given for the in-modes in Section II. A wave packet built from a narrow frequency
range of the modes in Eq. (17a) will travel in toward the barrier from both sides at
early times and scatter off only toward the left at late times (see Fig. 3a). At late
times a wave packet built from the modes in Eq. (17b) will scatter off only toward
the right (see Fig. 3b).

a b

Fic. 3. (a) Left out-modes come in from infinity from both sides at early times and go out to
infinity to the left at late times. (b) Right out-modes come in from infinity from both sides at early times
and go out to infinity to the right at late times.



KLEIN PARADOX AND SUPERRADIANCE 275

To normalize the modes, normalize the outgoing part of the wave in the
asymptotic potential which it sees. The choice

M =[2(2n)* |g|1~ "
M=[2Q2n)*|r|]1 "2

normalizes the modes so that
(Wours Wou) =& d(w — ") 6*(k — k')
(Wout> Wou) = e8(w — ") 8*(k — k') (18)
(Wouts Wour) =0.

Equations (5)-(12), (14)-(16), and (18)-(20) in Table I give Wronskian relations
for the out-modes, and between in- and out-modes.

Since the out-modes and in-modes separately form complete sets of solutions of
the dynamical equation, we can write one set as a linear combination of the other,
Le.,

toul - z au jin + Z ﬁzq gin
(19)

UVpout = Z Y piljin T 2 EpqVyqin>

J q
where the a;, f,,, 7,;, and ¢,, are known as Bogoliubov coefficients [12] and the
indicies i, j, p, and ¢ stand for all the labels w, k, &, and the sum becomes an
integral over continuous indices. If we equate the two expansions of ¢ in terms of
the in-modes Egs. (4) and the out-modes Eqgs. (17) and use the orthonormality
properties of the modes Eqs. (6) and (18), we can express the out-annihilation and
creation operators in terms of the in-annihilation and creation operators,

Aiont = Zalj Qjin Zﬁ:]b;m

poul Z yl’] J in + Z ququ

(20)

We can then ask how many out-type particles exist in the in-vacuum (i.e., how
many particles exist at late times in a state which has no particles at early times).
Using Eq. (20) we obtain

<0in ( afoutaiout ‘ 0in> = Z ﬁiq :
q

<0in ' b;outbpout i 0in> = Z y:f?jp‘
J

(21)

We see that unless B, or y,; are nonzero the in-vacuum and the out-vacuum are
equivalent (i.e., no particles are produced).



276 CORINNE A. MANOGUE

For the types of potentials we are considering, it is clear that each out-mode is a
linear combination of just the one or two in-modes with the same frequency w and
wave vector k. In regions I, I, IV, and V the out-modes have the same norm as the
in-modes of which they are a linear combination, and thus f,, and y,, are zero in
these regions. In the Klein region, however, the two in-modes have opposite norm,
as do the two out-modes. Therefore f,, and y,; are nonzero in this region. A simple
calculation comparing the modes in the asymptotic regions gives

1/2

B, =B,k |, K, )= .2 T*8(w— ') 63k k')

1/2

T 6w — ') %k —K'),

‘})piEy(a% ka _)lw,, k,s _’)= -

showing that the total number of out-particles in the in-vacuum is

1 r 2 53
RCHE R =~2—n-)—3 [ do [ 2] 172 500) N

Z <0in , b;outbpout I Oin> f d(U de
14

@’ AL

where the integrals are over the modes in the Klein region.

The infinite 63(0) factor arises because the potential is constant in the infinite
y- and z-directions and for an infinite time. If the potential were placed in a box
periodic in the y- and z-directions and in time, then the w and k integrals would be
replaced by sums and the §*(0) factor would be replaced by L>T/(2n)* where L is
the area of the box and T is the periodicity in time. This can be seen most easily by
replacing one set of delta functions in the calculation leading to (22) by their
Fourier transforms. Dividing by LT gives an (asymptotic) expression for the num-
ber of particles passing through a unit area normal to the x-direction in a unit time.
This expression is just what one would expect based on the results for the current
Eq. (13) in Section III.

Fermions

Fermion Bogoliubov relations are defined analogously to the boson relations.
Equation (19) is formally identical but with the indices i, j, p, and g also including
the spin label. Since all the modes have positive norm, Eq. (20) becomes

rout Z a:} jin + Z ﬂ:]b;m

pout Z ypj jlﬂ + Z gpll gin>
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leading to an expression formally identical to Eq. (21). A simple calculation com-
paring modes in the asymptotic region gives in the Klein region

ﬁipEﬂ(w, ka “— |(l),, k,a ‘_)
1/2

(T, +|T{172 +| T +1T51%) 80 — ') 8 (k - k)

=

ypiE ‘Y(O), k’ i ‘w’y k,, _’)

1/2

=§ (T2 2+ 17112+ T2 + 1 T22) (0 — ') 62k — k),

giving

Z <Oin ' at?.out Aiout I Oin>

———1 7 =3 = —
=(2n)3J.ded2k =| T2+ T2 + 1 T2+ | T51%) 6%(0)
Z <0iﬂ|b;outbpout |0in>
P
—-—1 Tal = -3 -
=(2n)3fd“’fd2k —[ [T, 1*+1T{1? + |T51* + | T;|* °(0)

for the total number of out-type particles in the in-vacuum, cf. Eq. (16).

V. CONCLUSION

In conclusion we see that boson modes are superradiant in the presence of very
strong external electromagnetic fields while fermion modes are not. However, the
external field is capable of creating pairs of either bosons or fermions. The
functional forms, in terms of reflection and transmission coefficients, of the vacuum
expectation values of the current, momentum, and number operators agree when
used as measures of the number of particles produced.

APPENDIX 1

All of the expressions for the number of particles created discussed in the body of
the paper involve an integral, over modes in the Klein region, of the transmission
coefficient for the modes. These transmission coefficients depend on the detailed
shape of the barrier. In this appendix we record the transmission coefficients for
some specific barriers.
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The Step Potential ®(x)=VO(x)—V/2

Using continuity of the wavefunction and its first derivative at x =0 to match the
asymptotic values for the modes Eqgs. (4), we obtain for the boson case

_ 4
C(g+r)”

Ik

Note that when w =0, g = —r, making the transmission coefficient infinite, i.e., an
mfinite particle production rate. This is a property particular to step potentials. The
transmission coefficient is determined by the distance the mode must tunnel
through the “mass gap.” Because of the sharp discontinuity associated with a step
potential, the mode does not have to tunnel for any distance at all, allowing for
such large transmission coefficients.

Using continuity of the wavefunction, and the known value for the discontinuity
of its first derivative at x =0 to match the asymptotic values of the modes Egs. (11),
we obtain in the fermion case

. N " " 8q°ee’
TP T4 T+ TP = 23)
The denominator on the right-hand side of Eq. (23) can be written using the disper-
sion relations Egs. (5) as 2w” — e*V%/2 — 2(k? + m?) + 2qr. Since in the Klein region
q is positive, r is negative, and the maximum value of ®? is w2 = (eV/2—
(k> +m?)'?)?, we see that the denominator is strictly negative. In this case the
transmission coefficient is never infinite in spite of the sharp discontinuity in the
potential. Due to the exclusion principle, whenever a pair of particles has been
created further particle creation is repressed.

The Hyperbolic Tangent Potential ®@(x)=(V/2) tanh(ix)

The solutions of Eq. (3) in the presence of a hyperbolic tangent potential are
hypergeometric functions. By comparing the asymptotic forms of the
hypergeometric function solutions to the asymptotic forms for the modes in Eqs. (4)
we obtain in the boson case

2= — g cosh(n/I}g—r)— cosh(n/l)(q+7)
" rcoshn(e?V?/I? —1)"2 + cosh(n/D) (g + 1)

The WKB Solution

An approximate solution to Eq. (3) can be obtained for any sufficiently smooth
potential by the WKB method [13]. Comparing these results with the asymptotic
solutions for the modes Eqgs. (4) we obtain in the boson case

172 = —%cschz(ln 2+47),
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where
n= dx [(k*+m?) - (0 — e®(x)*]""

integrated over values of x for which the expression in parentheses is positive (i.e.,
over the range in which the mode is tunneling through the mass gap).

APPENDIX 2

To understand the notation used for the spinors it is necessary to define a
number of other quantities. First, introduce the operators

Po=4#"+1)
o= —1iy*y.

Choose four spinors x;, i=1, 4, such that

140
(I—Po)( 2 0>X4=X4-

Such y’s are guaranteed to exist because P, and o, are hermitian and commute
with each other. Now introduce the energy operators

P= —Elr?[iqy‘—iy°<w+£2‘—/>+ik-y—mi|
1 .1 .o e ,
———2-;[—1(1)) — iy <w+7‘/>+zk-y—m]
I e )
—Z—n—[try — iy (w—{)+tk-y—m]
P= —i[—iryl—iy"(w—-e—'—/)Hk-y—m]
2m 2

o
=~

1
ot

T

\

;—i
Il
ot

R
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and the helicity operators

*—_i___ 5,0 _ e_ 5,1
= o (04T )|

Go =6 ___i_ 5.0 w+e_ 5.1
R T—(k2+m2)1/2 qyy 2 7Y
. [ eV
v~y 77 (0-F) 7'

. i e
e i Gl

For each of the P’s, trace P =2, P?= P; and for each of the ¢’s, trace 6 =0, 6> = 1.
Therefore the operators P,(1 — P), and (1 + ¢)/2 are projection operators. A short
calculation shows that each P commutes with the corresponding ¢ (ie., [P, 6] =0,
[Py, 6r1=0, etc.). Now define

Reflected and transmitted left spinors Y&, ¥, for i=1,4, and all of the right
spinors ¥;, {r, Zmx> for i=1,4, can be defined analogously using the appropriate
P’s and o’s. A straightforward but tedious calculation shows that the choice

}4/2

s 1 m eV

=i [ o s e

P R 1 m eV ~12
e O
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normalizes the spinors such that

iy = iRy = iy = ted,, for g or r real
iihofi = iiﬁz?oiik = iiiTTVoiiT = is’éi,j for g or r real
ifkyTi= 16, for r imaginary
Ryli= ted,, for g imaginary,
where the + sign holds for i=1, 2, the minus sign holds for i=3, 4, and ¢ and ¢’
are defined in Eqgs. (7). It is straightforward to verify that the spinors thus defined
for i=1, 2 are the spinors which appeared in the asymptotic solution Eqgs. (11) of
the dynamical equation. The spinors for i=3,4 would appear in the analogous
general solution of the dynamical equation under the substitution m — —m. Note
that, as might be expected,
Xr=1iT
Am =Xt
For convenience choose a representation such that y! is real and y°, 9% y* are
imaginary. In this case

Pr=pP,
o =0,
which implies
=12
¥ =14
and
P*=P,
Gk =—0dxr
which implies
i =1x
=1
¥ =1
(5 =3»

Similar relations hold for the right spinors.
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Using the anticommutation relations on the Dirac matrices it is easy to prove the
following useful identities.

Regions 1, 111, V

pret pfos D)
Py%'P= P
PtyO1Pp =0
Region 11
PLy%' Pr=0.
Region IV

PLy%y'Pr=0

with analogous relations for the other energy projection operators. These relations
are used extensively in the establishment of the Wronskian relations of Table II
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