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a b s t r a c t

The dynamic behavior of porcine brain tissue, obtained from a series of in vitro observations and exper-
iments, is analyzed and described here with the aid of a large strain, nonlinear, viscoelastic constitutive
model. Mixed gray and white matter samples excised from the superior cortex were tested in unconfined
uniaxial compression within 15 h post mortem. The test sequence consisted of three successive load–
unload segments at strain rates of 1, 0.1 and 0.01 s�1, followed by stress relaxation (n = 25). The volu-
metric compliance of the tissue was assessed for a subset of specimens (n = 7) using video extensometry
techniques. The tissue response exhibited moderate compressibility, substantial nonlinearity, hysteresis,
conditioning and rate dependence. A large strain kinematics nonlinear viscoelastic model was developed
to account for the essential features of the tissue response over the entire deformation history. The cor-
responding material parameters were obtained by fitting the model to the measured conditioned
response (axial and volumetric) via a numerical optimization scheme. The model successfully captures
the observed complexities of the material response in loading, unloading and relaxation over the entire
range of strain rates. The accuracy of the model was further verified by comparing model predictions with
the tissue response in unconfined compression at higher strain rate (10 s�1) and with literature data in
uniaxial tension. The proposed constitutive framework was also found to be adequate to model the load-
ing response of brain tissue in uniaxial compression over a wider range of strain rates (0.01–3000 s�1),
thereby providing a valuable tool for simulations of dynamic transients (impact, blast/shock wave prop-
agation) leading to traumatic brain injury.

� 2010 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
1. Introduction in vivo [17–21]. The results of different studies are at times diffi-
The study of the mechanical properties of brain matter – at the
tissue continuum level – has been the focus of numerous investiga-
tions in the past four decades (see for example [1–7]). Many inves-
tigators have concentrated their effort on characterizing the
coupled time and strain/stress dependencies inherent in the re-
sponse of the tissue to externally applied mechanical transients,
e.g. frontal or lateral impact on the head by a rigid mass [8–10], lin-
ear or angular acceleration pulses applied to the skull [11,12] or
indentation of the cortex surface [13]. Understanding how these
loading/kinematic conditions applied to the organ boundary trans-
late into local stress–strain states within the tissue continuum is
challenging, because the brain is, from a biomechanical perspec-
tive, a highly complex organ housing multiple ‘‘substructures”,
e.g. brainstem, cerebellum, thalamus, cerebral cortex, corpus callo-
sum, associated with somewhat distinct mechanical properties
[14–16]. Most biomechanical studies have been conducted
in vitro, although a few measurements have also been reported
ia Inc. Published by Elsevier Ltd. A
cult to reconcile, due to the wide range of variation in experimental
protocols, including the species/age of the subjects (human, por-
cine, bovine or murine), the loading configurations (compression,
shear, tension or indentation), the loading histories (cyclic, stress
relaxation or creep) and test regime (small/large strains or low/
high strain rates). The collected data have facilitated the develop-
ment of a large variety of constitutive models, some of which have
been shown to account for essential features of the tissue response
[22–24] under selected test conditions. Nonetheless, the integra-
tion of all the characteristic features of the large strain tissue re-
sponse (hysteretic behavior, rate dependence, nonlinearity, shear
and volumetric behavior) into one single constitutive framework
has not been achieved thus far.

This study is a component of a multidisciplinary effort aimed at
elucidating some key effects of primary blast on the central ner-
vous system [25] and represents a first step towards the develop-
ment of a predictive model for the response of brain tissue over an
extensive range of strains and strain rates. A parallel effort is
underway to assess differences between tissue properties under
in vivo and in vitro conditions, where the proposed constitutive
formulation is employed to analyze the results of indentation tests
ll rights reserved.
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performed with a custom dynamic tool [26]. The first section of
this paper describes the experimental component of the study (test
protocols and main results gathered on porcine cortical samples),
while the second section addresses the modeling effort (constitu-
tive laws, numerical implementation, model validation and predic-
tions). Both are preceded by a brief literature review. Some of the
limitations inherent in the current model formulation are dis-
cussed in the last section, guiding the effort for future model
refinements. This paper constitutes a preliminary step in the devel-
opment of a comprehensive experimental database and enhanced
computational tools to be employed in support of a variety of clin-
ical applications, as well as to elucidate mechanically mediated
pathways leading to traumatic brain injury.
2. Experiments

2.1. Literature review

Mechanical tests on brain samples have been conducted mainly
in the linear regime via small oscillatory deformations imposed on
the tissue, in pure shear or in torsion, over a wide spectrum of fre-
quencies [27–30]. In assessing the time/frequency dependence of
the linear viscoelastic properties of the tissue (i.e. storage and loss
moduli), these studies have uncovered some important aspects of
the tissue dynamics. The thrust of the results reported, nonethe-
less, suffers from a few limitations. First, most of the data so gath-
ered lack consistency, in that the magnitude of the measured scalar
moduli varied at times by more than 10-fold in relative terms from
one study to another [31]. This lack of consistency may be attrib-
uted to multiple factors, including: inter-species/intra-species
variations (e.g. animal breed, age, sex and inherent biological var-
iability); differences in (1) post mortem testing time, (2) tissue
storage and hydration conditions, (3) tissue preparation/excision
methods, (4) specimen neuroanatomical orientation, (5) tempera-
ture conditions, (6) interfacial testing conditions (degree of tissue
friction/adherence/slipping on the test fixtures) and (7) pre-condi-
tioning effects prior to actual testing. Further, the scope of these
investigations was limited per se to small deformations, as the tis-
sue had been shown to deviate from linearity at strains greater
than 1% [32,33]. More recently, the nonlinear features of the tissue
response have been partly characterized in compression [34,35],
tension [36] and shear [23,37]. While some of these studies mea-
sured the tissue response over more than two orders of strain rate
magnitude, they were mostly focused on a limited set of test histo-
ries (e.g. single load ramp and stress relaxation tests or sinusoidal
load–unload cyclic tests at low to medium strains), excluding any
direct assessment of the tissue volumetric behavior. Some at-
tempts have been made to retrieve quantitative information on
the tissue volumetric compliance [38,39], but these attempts re-
main scarce and limited in scope, most investigators relying on
incompressibility assumptions or speculative arguments
[34,40,41]. The experimental part of this study aimed to address
some of the limitations noted in previous investigations via the
systematic collection of experimental data on porcine cortical
specimens in unconfined uniaxial compression comprising the fol-
lowing measurements: (1) nonlinear strain and strain rate depen-
dencies in load and unload over three orders of strain rate
magnitude (0.01–1 s�1) in the large deformation regime (up to
50% nominal strain); (2) long-term time dependencies in relaxa-
tion; (3) lateral tissue deformation to assess volumetric compli-
ance. A porcine model was preferred to other animal models
because its gyrencephalic brain, architecturally close to the human
brain, has been proven to share with the latter some similarities in
terms of pre- and postnatal cerebral development relative to tissue
growth, myelination and composition [42–46]. Swine models con-
stitute, moreover, an affordable alternative to more costly, ethi-
cally sensitive primate models.

2.2. Test protocol – unconfined uniaxial compression in vitro

2.2.1. Specimen preparation
Sixteen 6- to 18-month-old swine brains (female, Yorkshire

breed) were obtained from a local vendor (Research 87 Inc., Boyl-
ston, MA), following a protocol approved by the Committee on Ani-
mal Care at the Massachusetts Institute of Technology. Pigs having
reached at least six months of age may be considered cerebrally
mature [42] and were therefore selected to minimize age-related
variability (neonatal pigs have been shown to have significantly
softer brains [31]). The brains were sectioned along the mid-sagit-
tal plane and transferred on ice to the laboratory within 3 h post
mortem. Each hemisphere was rinsed upon delivery in phos-
phate-buffered saline (PBS, 10 mM phosphate buffer) and kept
refrigerated in solution to limit tissue degradation. Shortly before
testing mixed gray and white matter samples were excised from
the superior cortical region (frontal and parietal lobes) and main-
tained hydrated in PBS during all subsequent steps. No notable dif-
ferences were observed in mechanical properties between the two
cortical regions. This observation complements findings previously
reported by Coats and Margulies [47] on local cortical gray matter
homogeneities at the subcentimetric/millimetric tissue level. Preli-
minary investigations of the optimal sample size for uniaxial com-
pression tests [48] showed that large samples, in the cubic
centimeter range, yielded the most consistent results. All the data
collected for this study were therefore obtained from samples that
were approximately, 25.4 � 25.4 mm in cross-section and 9 mm in
thickness (Fig. 1A). The mechanical properties obtained shall be
viewed as ‘‘homogenized” properties of the superior cortex (gray
and white matter combined), although the samples tested were
composed predominantly of gray matter, accounting typically for
�70% of the sample mass. The experimental protocols were pri-
marily designed so as to reduce the sources of experimental vari-
ability arising from tissue handling, which are many, given the
delicate nature of the brain parenchyma. Separating intermingled
gray and white matter of the superior cortex was ill-suited to this
study because the separation/cutting process implied further alter-
ations in the tissue virgin state (via shearing or stretching) which
were deemed too costly relative to the potential benefits.

2.2.2. Axial and lateral measurements
The samples (n = 25 from N = 16 Yorkshire sows) were tested in

unconfined uniaxial compression on commercial testing machines
equipped with 20 N load cells (ElectroForce 3200, Bose Corp., Fra-
mingham, MN (n = 11); Zwick Z2.5/TS1S, Ulm, Germany (n = 14)).
Prior to testing the platens were humidified with PBS to minimize
friction at the tissue–platen interface. All tests were conducted at
room temperature (T = 21 �C). Samples were tested between 4
and 15 h post mortem, with no significant variations in tissue
response being noted in relation to post mortem test time differ-
ences. The responses measured were also found to be comparable
with those reported by Tamura et al. [35], who conducted similar
tests within a shorter time frame post mortem (see Section 3). A
preload of 0.02 N (corresponding to a compressive stress of
�30 Pa) was imposed on each sample prior to testing in order to
accurately determine the sample thickness. Each sample was
subjected to a sequence of three loading segments, at nominal
strain rates of 1, 0.1 and 0.01 s�1, respectively, each comprising five
load–unload cycles to 50% nominal strain, followed by a ramp
relaxation segment to 50% nominal strain held for 300 s with a
ramp rate of 1 s�1. Fig. 1 illustrates the imposed strain history
(Fig. 1C) and the resulting stress history (Fig. 1D) for one represen-
tative tissue specimen. The transverse displacements were captured



Fig. 1. Experimental protocol. (A) Cortical tissue sample. (B) Optical extensometry.
(C) Imposed strain history (logarithmic time scale). Each sample was subjected to a
sequence of three loading segments, at 1, 0.1 and 0.01 s�1 nominal strain rates,
respectively, each comprising five load–unload cycles to 50% nominal strain,
followed by a ramp relaxation segment to 50% nominal strain held for 300 s with a
ramp rate of 1 s�1. (D) Resulting stress history for a representative tissue sample.
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by a Qimaging Retiga 1300 CCD camera equipped with a 200 mm
f/4 Nikon lens (Fig. 1B). Lateral stretch measurements were
deemed sufficiently accurate only for a subset of specimens
(n = 7), because most samples had somewhat irregular edges. Axial
data (force and displacement) and lateral deformation images were
Fig. 2. Images of the tissue sample at increasing levels of axial deformation. T
acquired synchronously via Vic-Snap software (v. 3.0D, Correlated
Solutions Inc.). The lateral stretches were subsequently assessed
using a MATLAB custom image analysis routine. The processed
data are shown for one representative specimen in Fig. 2. Note that
the nominal axial strain values reported in Figs. 1 and 2 are based
on the platen axial displacement history. In practice, most of the
specimens did not entirely recover their initial configuration upon
unloading: as the platens traveled back to their initial position at
the end of each load–unload cycle the degree of adhesion between
the platen and the specimen was often insufficient to enforce com-
plete recovery of the original specimen height. Full contact was re-
established at the beginning of the subsequent loading ramps
(with a rise in the recorded load) and was lost at the end of the
unloading ramps (as the load became negative, tracking the weak
tensile adhesive forces between the top surface of the specimens
and the platen).
2.3. Results

Stress–strain diagrams have been extracted from the represen-
tative data in Fig. 1 for the three load–unload segments (at 1, 0.1
and 0.01 s�1) and are plotted in Fig. 3, together with the subse-
quent relaxation response. As shown in Fig. 3, the tissue behavior
in unconfined compression was intrinsically nonlinear at finite
deformation, in both the strain and strain rate domains. The tissue
response exhibited marked hysteretic features over the range of
strain rates considered for this study. Another notable feature
was the substantial degree of ‘‘conditioning” associated with the
first loading ramp, i.e. the dramatic increase in tissue compliance
between the initial loading cycle and the subsequent cycles. Differ-
ences associated with softening effects between sequential (‘‘con-
ditioned”) cycles at the same loading rate were much less
dramatic. Conditioning effects reflected changes in tissue ‘‘state”
occurring during the first cycle of loading through which the tissue
may lose part of its interstitial fluid and/or undergo ‘‘irrecoverable”
microstructural reorganization/reconfiguration (damage). To
ascertain if conditioning was associated with a permanent change
in tissue properties, a study was performed on a subset (n = 6) of
tissue samples which were submitted to two series of five load–
unload cycles (uniaxial compression to 50% nominal strain at
1 s�1) separated by a 2 h recovery period in PBS. To a large extent,
the rehydrated samples recovered their original response, with
conditioning patterns highly similar to those measured on the
virgin tissue, as illustrated in Fig. 4 for one representative tissue
he lateral stretch measurements were obtained by visual extensometry.



Fig. 3. Representative cortical tissue response in unconfined compression. Data in panels (A)–(D) were obtained sequentially on the same tissue sample (see the
corresponding strain/stress time histories for this representative sample in Fig. 1C and D).
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sample. This observation substantiates the hypothesis that inter-
stitial fluid diffusion plays a crucial role in the conditioning process
and that the tissue did not undergo substantial permanent damage
in the first loading cycle. The essential features of the tissue
response to the uniaxial compression loading protocol in Fig. 1
were found to be consistent for all tested samples. The average
responses and standard deviations are shown in Fig. 5A and B
(nominal axial stress) and in Fig. 5D (transverse stretch). For clarity
purposes, the stress–strain plots only display the first (virgin) load-
ing ramp at 1 s�1, the subsequent (conditioned) loading ramp at
1 s�1 and the first (conditioned) loading ramps at 0.1 and
0.01 s�1. The tissue response exhibited substantial volumetric
compliance, with an average 12% volume reduction at an axial
stretch of 0.5: DV/V0 = –12 ± 5.5% (N = 7 samples, n = 7 � 6 volu-
metric measurements taken from the sequences of load–unload
cycles at 0.1 (�5) and 0.01 s�1 (�1) strain rates). Data previously
published by Tamura et al. [35] for similar mixed gray/white
Fig. 4. Representative cortical tissue response in unconfined compression. The
sample was submitted to two series of five load–unload cycles at 1 s�1 strain rate
separated by a 2 h recovery phase in PBS.
matter samples from swine cortices are also shown in Fig. 5A.
The (virgin) loading response measured in the Tamura study for
a strain rate of 1 s�1 was found to be in good agreement with the
results of the current study. Miller and Chinzei [34] also investi-
gated the quasi-static response of similar tissue samples for the
same animal model. The responses of virgin specimens measured
by Miller and Chinzei at a strain rate of 0.64 � 10�2 s�1 are gath-
ered in Fig. 5C and they were found to be significantly stiffer than
the average (conditioned) response measured at a comparable
strain rate (10�2 s�1) in the present study. An exploratory set of
measurements was performed to confirm that this discrepancy
might be primarily attributed to conditioning effects. Virgin tissue
samples (n = 6) were subjected to five load–unload cycles at a
strain rate of 10�2 s�1. The corresponding average first (virgin)
loading response, shown in Fig. 5C, was found to be comparable
with that reported by Miller and Chinzei.

3. Constitutive model

3.1. Literature review

Whether the brain should be considered, for continuum model-
ing purposes, as a single phase viscous solid or as a dual phase
fluid-saturated solid is still the subject of differing viewpoints.
The traditional dual phase approach follows the theory of consoli-
dation (poroelasticity) originally formalized by Biot in the context
of soil mechanics [49]. Although interstitial fluid diffusion and re-
lated transport mechanisms have long been recognized to play a
crucial role in brain function [50], the poroelastic approach has re-
ceived only marginal attention in the brain tissue biomechanics
community [22,51]. In the single phase approach, dissipation
mechanisms and time dependencies in the tissue response are
addressed in the framework of viscoelasticity. Most of the models
following this approach are adaptations or combinations of three



Fig. 5. Average tissue response and standard deviations. (A) Loading ramps at 1, 0.1 and 0.01 s�1. (B) Relaxation. (C) Conditioning effects for the loading ramps at 0.01 s�1. (D)
Transverse stretch history for the load–unload cycles.

Fig. 6. Schematic of the rheological model (top) and corresponding large kinemat-
ics deformation map (bottom).
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model subcategories: (1) linear viscoelastic models, based on cyclic
loading, in which the tissue response is described by a set of two
parameters, the storage and loss moduli [13,28–30]; (2) small
strain formulations for rheological models based on linear or non-
linear spring–dashpot combinations [52,53]; (3) large strain kine-
matics quasilinear or nonlinear viscoelastic models for which the
tissue response is decomposed into a hyperelastic component
(neo-Hookean, Mooney–Rivlin or Ogden formulations are most
common) and a dissipative component, e.g. multi-mode Prony ser-
ies [5,22–24,54–56]. The linear and quasilinear models, mostly rel-
evant in the small strain regime, are unable to fully capture the
complexities of the tissue response at finite strains. In contrast,
some of the large strain kinematics models, integrating nonlinear-
ities within their formulation, have been able to successfully repro-
duce some specific features of the tissue deformation over fairly
complex loading histories. Hrapko et al. [23] employed a multi-
mode Mooney–Rivlin viscoelastic network in parallel with a
nonlinear hyperelastic resistance to capture the simple shear re-
sponses of white matter in load, unload and relaxation at strain
rates of 1–1.5 s�1 up to 50% strain, using 16 material parameters.
More recently, El Sayed et al. [24] developed a nonlinear elastic-
viscoplastic formulation to capture some of the hysteretic and dis-
sipative characteristics of the tissue response in uniaxial tension
and compression up to 50% nominal strain. The generalized frame-
work proposed by El Sayed et al., in which an arbitrary number of
viscoelastic networks are considered in parallel with a viscoplastic
network, allowed the authors to fit a number of experimental find-
ings with different configurations and numbers of constitutive ele-
ments. In most instances the phenomenological models proposed
in the literature rely on a fairly large number of material parame-
ters validated over a limited range of loading regimes/histories.

The nonlinear visco-hyperelastic model developed here is also
phenomenological in nature; it espouses the modeling ‘‘philoso-
phy” pursued by previous investigators and it idealizes the tissue
as a single, homogeneous, isotropic phase. The proposed formula-
tion combines the following advantages within a single frame-
work: (1) it accounts for all the observed complexities inherent
in the tissue response at low to medium strains and strain rates
(i.e. nonlinearities, hysteresis, time-dependencies, volumetric
behavior); (2) it is accurate and predictive over an extended range
of strains and strain rates while requiring a relatively small
number of material parameters; (3) it relies on physically moti-
vated arguments, where different constitutive elements of the
model, and their corresponding parameters, can be conceptually
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associated with specific underlying mechanisms of deformation.
This empirical interpretation of modeling elements provides some
guidance in the fitting process, as discussed in Appendix A.

3.2. Constitutive laws

A schematic (rheological) representation of the proposed model
for the tissue response is shown in Fig. 6, with the corresponding
3D large kinematics deformation map. For the most part the nota-
tion used hereafter is that prevailing in modern continuum
mechanics:
F�
 deformation gradient
V� � ðF�FT
� Þ

1=2
 left stretch tensor from polar
decomposition of F�
V0(V)
 tissue volume at time 0 (time
t)
V0
1 ¼ f1V0
 incompressible tissue volume

fraction at time 0
V0
2 ¼ f2V0 ¼ V0 � V0

1

compressible tissue volume
fraction at time 0
J � detðFÞ ¼ V=V0
 volumetric macroscopic
Jacobian
J2 ¼ V2=V0
2

volumetric Jacobian for
compressible tissue fraction
B� ¼ J�2=3
� � F� � FT

�

isochoric component of left
Cauchy-Green strain tensor
E� ¼ InðV�Þ ¼ InðF�FT
� Þ

1=2
 Hencky strain tensor
L� ¼ _F�F�1
�
 velocity gradient
D� � symðL�Þ ¼ ð1=2ÞðL� þ LT
� Þ
 stretching tensor
W� � skwðL�Þ ¼ ð1=2ÞðL� � LT
� Þ
 spin tensor
TA
 Cauchy stress

Th ¼ 1

3 trðTAÞ � 1
 hydrostatic component of
Cauchy stress
Td ¼ TA � 1
3 trðTAÞ � 1
 deviatoric component of

Cauchy stress

T0� ¼ T� � 1

3 trðT�Þ � 1
 stress deviator
N� ¼ T�ffiffiffiffiffiffiffiffiffi
trðT2

� Þ
p
 unit tensor in the direction of

stress T�
The model comprises an elastic network (A) representing the
instantaneous response of the tissue and a viscoelastic network
(elements (B)–(E)) incorporating the dissipative contributions. Fol-
lowing Lee’s decomposition [57], the total deformation gradient F
applied to the tissue may be decomposed as:

F ¼ FA � FB; ð1Þ

where FA and FB represent, respectively, the elastic (instantaneous)
and viscoelastic components of the tissue deformation. The viscous
flow was assumed to be isochoric, hence the total volumetric Jaco-
bian J may be expressed as: J � detðFÞ ¼ detðFAÞ � detðFBÞ ¼ detðFAÞ.
The viscoelastic response of the tissue is captured by the combina-
tion of a nonlinear short-term viscous element (B) and a linear vis-
coelastic backstress network (CDE). With regard to the backstress
network, the viscoelastic deformation gradient FB is further decom-
posed as:

FB ¼ FC � FD; ð2Þ

where the linear viscous element (D) models the long-term relaxa-
tion of the backstress contribution. Both FC and FD are taken to be
isochoric.

The Cauchy stress TA in the tissue is decomposed into its hydro-
static and deviatoric components:
TA ¼ Th þ Td; ð3Þ

where the hydrostatic component Th and the deviatoric component
Td are physically associated with the deformation mechanisms pre-
vailing in bulk and in shear, i.e. governing the volume-mediated and
shear-mediated portions of the tissue response, respectively.
3.2.1. Bulk-mediated response
Brain tissue is highly hydrated. Although interstitial fluid diffu-

sion is not explicitly included in the current model, a simplified
qualitative understanding of the role of hydrating fluid in deter-
mining the apparent volumetric tissue behavior is the foundation
of the proposed formulation for the bulk response. Briefly, the
undeformed tissue volume, V0, is partitioned into an incompress-
ible fraction, f1V0 ¼ V0

1, and a compressible fraction, f2V0 ¼ V0
2,

where f1 + f2 = 1. The corresponding components of the deformed
tissue volume, V, are V1 and V2. This partition mirrors a separation
of the hydrating fluid in a ‘‘bound” component, which does not dif-
fuse freely under loading, and an ‘‘interstitial” component, which
diffuses in response to hydrostatic loading, accommodating volu-
metric tissue deformation. The incompressible fraction of the vol-
ume, V1, is conserved, so that the corresponding volumetric
Jacobian J1 ¼ V1=V0

1 remains constant (J1 � 1) throughout the
deformation history. The hydrostatic stress Th developed in the tis-
sue is then assumed to be driven by the volumetric Jacobian of the
compressible fraction, J2 ¼ V2=V0

2, as:

Th ¼ K � lnðJ2Þ � 1; ð4Þ

where the hydrostatic stress is characterized by a logarithmic
dependence on the volumetric Jacobian and K is the small strain
bulk modulus of the compressible fraction. As a consequence of
the incompressibility constraint enforced for V1, the macroscopic
tissue volumetric Jacobian J = V/V0 can be expressed as:

J ¼ f1 þ ð1� f1ÞJ2; ð5Þ

so that the hydrostatic stress may be restated in terms of the total
volumetric Jacobian J:

Th ¼ K � ln J � f1

1� f1

� �
� 1: ð6Þ

Estimates of typical hydration levels for brain tissue indicate
that fluid accounts for approximately 80% of the brain mass [58].
Although the incompressible tissue fraction is effectively a mate-
rial property, a fixed value f1 � 0:8 was selected for the proposed
model. This latter assumption is based on the notion that intersti-
tial cerebrospinal fluid, which is free to diffuse throughout the tis-
sue, only accounts for a small portion of the total water content.
Phenomenologically, the proposed constitutive framework cap-
tures the highly nonlinear resistance to volumetric deformation
exhibited by the brain parenchyma. Also, note that in setting the
incompressible fraction to 80% the current formulation implicitly
assumes that the volumetric response of the tissue becomes infi-
nitely stiff as the volumetric Jacobian approaches 0.8.
3.2.2. Shear-mediated response
The deviatoric component of the stress response, Td, is adapted

from the freely jointed eight chain model developed for macromo-
lecular elastic networks [59]:

Td ¼
l0

J
� kL

k
�L�1 k

kL

� �
� ðBA � k21Þ; ð7Þ

where



T.P. Prevost et al. / Acta Biomaterialia 7 (2011) 83–95 89
J ¼ detðFÞ ¼ detðFAÞ;
BA ¼ J�2=3 � FA � FT

A;

k2 ¼ 1
3

trðBAÞ;

LðbÞ ¼ cothðbÞ � 1
b
;

and l0 and kL are model parameters which scale with the initial
shear modulus and the limiting extensibility (locking stretch) of
the network. L denotes the Langevin function. The eight chain
model, originally developed for elastomeric materials, is based on
statistical mechanics arguments. It assumes a weakly bonded net-
work of randomly oriented chains for which the source of resistance
to deformation, i.e. the change in Helmholtz free energy, is mainly
governed by changes in configurational entropy of the reorienting
chains. The adaptation of this model to brain tissue is motivated
by the following considerations.

� The cortex is primarily composed of cells (neurons and glia)
whose main constitutive elements are actin filaments, neurofil-
aments and microtubules [58]. These latter components may be
viewed, in a highly simplified representation at the mesoscale
level, as a loose ‘‘assembly” of randomly oriented ‘‘chains” shar-
ing some similarities with the idealized statistical mechanics
network envisioned for the eight chain model.
� Preliminary force–displacement measurements performed on

individual actin filaments [60] suggest that the use of Langevin
statistics may be suitable to account for the nonlinear force–
extension curves of these structural components.
� The tissue response, as measured experimentally, exhibits non-

linearities which are well captured by the inverse Langevin
function. Further, some empirical evidence collected at the cell
level [61] suggests that single neurons share similar nonlinear
characteristics.

The time-dependent portion of the tissue deformation is de-
fined via the evolution of the velocity gradient L imposed on the
tissue:

L ¼ rxv ¼ _F � F�1 ¼ _FA � _F�1
A þ FA � _FB � F�1

B � F
�1
A

¼ _FA � F�1
A þ FA � LB � F�1

A ¼ LA þ eLB; ð8Þ

where LB ¼ _FB � F�1
B denotes the viscoelastic velocity gradient in the

relaxed (unloaded) configuration and eLB ¼ FA � LB � F�1
A may be inter-

preted as the ‘‘push forward velocity gradient”, i.e. the velocity gra-
dient convected to the current (loaded) configuration (see
kinematic map provided in Fig. 6 and Chapter 2 of Holzapfel [62]
for more details on push forward tensor operations). The velocity
gradient eLB may be further decomposed into its symmetric and
skew symmetric parts, eLB ¼ eDB þfWB, where eDB and fWB denote
the rate of viscous stretch and the viscous spin, respectively. Fol-
lowing [63], the unloaded (relaxed) configuration may be made un-
ique by specifying fWB � 0, and thus the evolution of the viscoelastic
component of the deformation gradient FB reduces to: _FB ¼
F�1

A � eDB � F. The viscous stretching tensor eDB is constitutively pre-
scribed to follow the direction of the deviator T0B of the driving
stress TB according to a nonlinear reptation-based scaling law,
adapted from [64]:

eDB ¼ _cB � eNB ¼ _cB �
T0Bffiffiffiffiffiffiffiffiffiffiffiffiffiffi

trðT02B Þ
q ¼ _c0fR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T0B : T0B

q
ffiffiffi
2
p

r0

0@ 1An

� T0Bffiffiffiffiffiffiffiffiffiffiffiffiffiffi
trðT02B Þ

q ; ð9Þ

fR ¼
a2

ðaþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
trðFBFT

BÞ=3
q

� 1Þ2
; ð10Þ
where _c0 is a dimensional scaling constant ( _c0 = 10�4 s�1). The rep-
tation factor fR accounts for the increasing resistance to viscous flow
observed in macromolecular networks for increasing levels of accu-
mulated viscous deformation. The factor a is a small constant intro-
duced to eliminate the singularity at FB ¼ 1 [64], and is set to 0.005.
The rate sensitivity exponent n and the strength parameter r0 are
material properties.

The driving stress TB for the (short-term) nonlinear viscous ele-
ment (B) is obtained as the difference between the Cauchy stress in
the tissue TA and the backstress from the linear viscoelastic net-
work (CDE) convected to the current configuration:

TB ¼ TA � TC ¼ TA �
1
J
� FA � SC � FT

A: ð11Þ

The second Piola–Kirchhoff stress, SC, in the elastic element (C)
of the backstress network is taken to scale linearly with the Hencky
strain (for a discussion on the adequacy of the Hencky strain mea-
sure at finite strains the reader is referred to Anand [65]) of the cor-
responding deformation gradient FC:

SC ¼ 2G0EC ¼ 2G0 lnðVCÞ ¼ 2G0 ln FCFT
C

� �1=2
; ð12Þ

where EC is deviatoric, due to the isochoric nature of FC [66], and G0

is a material parameter representing the short-term shear modulus
of the viscoelastic backstress network.

A parallel constitutive framework is followed to evaluate the
driving stress for the long-term linear viscous element (D), as the
difference between the stress SC in the elastic element (C) and
the long-term backstress SE in the elastic element (E):

SD ¼ SC � FC � SE � FT
C; ð13Þ

where

SE ¼ 2G1ED ¼ 2G1 lnðVDÞ ¼ 2G1 ln FDFT
D

� �1=2
; ð14Þ

and G1 is a material parameter related to the long-term (equilib-
rium) shear response of the viscoelastic backstress network. The
flow-driven deformation mechanisms unfolding in the tissue at
long times are controlled via the linear viscous element (D). The
corresponding velocity gradient eLD in the elastically unloaded con-
figuration is constitutively prescribed by setting fWD � 0 and
obtaining the stretching tensor, eDD ¼ FC � _FD � F�1

B , as:

eDD ¼
1ffiffiffi
2
p
� g
� SD; ð15Þ

where the viscosity g is a material parameter.
In summary, the proposed large strain kinematics model com-

prises eight material parameters: K, l0, kL, n, r0, G0, G1 and g. Val-
ues of these parameters appropriate to capture the (conditioned)
response of brain tissue were determined in the following sections
by fitting the proposed model to the measured response in uncon-
fined compression.

3.3. Model fit

The constitutive model was implemented as a Fortran user-de-
fined material subroutine in ABAQUS/Standard (Simulia, Provi-
dence, RI). Time integration of the constitutive model was
accomplished through an explicit scheme where the viscous
stretching tensors were taken to be constant over each time incre-
ment. The model was fitted to the conditioned tissue response
using the representative set of axial data, i.e. axial data lying about
the average, as reported in Figs. 1 and 3, along with the average
lateral data shown in Fig. 5D. The fit was initiated using the
Nelder–Mead simplex method [67,68] and subsequently optimized
manually. The optimized material parameters were found to be:



Fig. 7. Model fit to representative data set in unconfined uniaxial compression. (A) Optimized material parameters. (B–E) Axial tissue response (measured and simulated)
over the entire loading history. (F) Associated lateral deformation (measured and simulated) over the five load–unload cycles at 0.1 s�1 strain rate and the first cycle at
0.01 s�1 strain rate. The weighted mean squared error between the simulated and measured responses (see Appendix for details) was found to be 3.5 � 10�3.
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K = 800 Pa, l0 = 20 Pa, kL = 1.09, n = 3, r0 = 25 Pa, G0 = 4500 Pa,
G1 = 600 Pa, g = 60,000 Pa s. For a discussion on the material
parameter determination and the automated search algorithm
the reader is referred to Appendix A. The optimized simulation re-
sults are summarized in Fig. 7. The proposed material formulation
successfully captures the main features of the tissue response: vol-
umetric compliance, hysteresis, long-time relaxation behavior and
nonlinear strain/strain rate dependencies spanning three orders of
strain rate magnitude. Note that the load–unload response at dif-
ferent strain rates and the relaxation response were experimen-
tally obtained (and numerically simulated) over a single
sequential loading history. Some discrepancies in material re-
sponse were encountered between the model and experiment in
the low strain rate, low strain regime (Fig. 7C and D). These differ-
ences stemmed mainly from the fact that perfect adhesion was as-
sumed in the numerical model between sample and upper platen
at all times, whereas, experimentally, contact between the sample
and platen was lost at low strains, low rates in the final/initial por-
tion of the unloading/reloading segments. Some artifacts could
have been added to the simulation procedure in order to account
for these loss of contact effects. However, given the high compli-
ance of the tissue at low strains and low rates, the simpler ‘‘perfect
adhesion” assumption was deemed sufficient for the purpose of
this study.

3.4. Model predictions

To further assess the applicability/relevance of the proposed
formulation, the predictions of the proposed model were compared
with two sets of data collected, respectively, by Miller and Chinzei
[36] (the test conditions and animal model used in the Miller and
Chinzei study were nearly identical to the protocols followed in
this study, allowing a direct comparison) in uniaxial tension at
quasi-static strain rates and by the authors in unconfined uniaxial
compression at a 10 s�1 strain rate (the compression test protocol
employed at 10 s�1 strain rate followed that detailed in the preced-
ing section for the lower rates of deformation). The results are re-
ported in Fig. 8. The loading and unloading response predicted by
the model in uniaxial compression at 10 s�1 strain rate is in good
agreement with the experimental data. The responses predicted
by the model in tension at low and medium strain rates are also
in good agreement with those reported by Miller and Chinzei in
the low to medium strain range. At larger strains, however, the tis-
sue response predicted by the model stiffened, as reported previ-
ously for other similar biological tissues [69,70], while the
response measured by Miller and Chinzei softened. It may be pos-
tulated that the softening behavior observed by Miller and Chinzei
at large tensile strains reflected the unfolding of failure mecha-
nisms, which, given the delicate nature of brain tissue, are likely
to occur within the tissue and/or at the platen interface for high
levels of tensile deformation (unfortunately the Miller and Chinzei
data did not include unloading and reloading segments, which
could have provided a more conclusive interpretation of the tissue
response).
4. Discussion

The experimental protocols developed in this study enabled the
collection of a large, consistent pool of mechanical data gathered
in vitro on macroscopic brain samples at finite strains (0–50%) in
the low to medium strain rate regime (0.01–1 s�1). Of particular



Fig. 8. Model predictions compared with measured responses in unconfined uniaxial compression (A) and uniaxial tension (B and C). (A) Tissue response measured in
compression to 50% nominal strain at 10 s�1 strain rate. (B) Average tissue response measured by Miller and Chinzei [36] in tension on 10 mm high specimens to 15% nominal
strain at 5 mm min�1 (�0.0083 s�1 nominal strain rate). (C) Average tissue response measured by Miller and Chinzei [36] in tension on 10 mm high specimens to 50% nominal
strain at 500 mm min�1 (�0.83 s�1 nominal strain rate).

Fig. 9. Model fit to the tissue response measured upon loading in unconfined
uniaxial compression at nominal strain rates spanning six orders of magnitude
(0.001–3000 s�1). The sets of bovine and porcine data reported at high rates (1000–
3000 s�1) were obtained by the Chen group at Purdue University via Kolsky bar
measurements [7]; the porcine data shown for the low to medium strain rates
(0.001–10 s�1) are those collected by the authors. The optimized model parameters
for the fit are: K = 10 MPa; l0 = 10 kPa; kL = 1.03, n = 0.3; r0 = 2 kPa; G0 = 6 kPa;
G1 = 2 kPa; g = 1 kPa s. The dimensional factor _c0 was set to 1000 s�1 and the
reptation factor fR to 1.
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interest are some quantitative features of the tissue response, e.g.
volumetric compliance, large strain viscoelastic behavior upon
unloading and reloading and combined nonlinearities in the strain
and strain rate domains, which were not available from previous
studies but which are highly relevant to guide the development
of accurate rheological models. In particular, the experimental
measurement of the unloading portion of the tissue response
proved crucial in the identification of the relative contributions
of elastic and viscoelastic mechanisms to the overall tissue resis-
tance to deformation. The determination of these contributions
in the modeling phase enabled the resulting model to predict tis-
sue behavior at a strain rate (10 s�1) lying outside the original
range on which the fit was performed. The current study is only
a first step towards the development of a model able to provide
accurate predictions for the tissue behavior over arbitrary strain
histories. Among the limitations of the study it should be noted
that: (1) the tissue behavior was only characterized in one mode
of deformation (unconfined uniaxial compression) over a range
of strain rates not exceeding 10 s�1; (2) lateral stretch measure-
ments could be accurately obtained only in the lower rate regime
(0.01–0.1 s�1) due to the limited capabilities of the image acquisi-
tion system; (3) homogenized measurements may have been af-
fected by partial local discontinuities in the deformation field, as
sulci were included (care was taken to exclude results from any
samples showing manifest opening/sliding at the sulci and/or
inhomogeneous deformation – as attested by the images collected
via the visual extensometer system); (4) partial adhesion/decohe-
sion of the specimens from the platens might have affected/altered
the measured tissue response at the end of the unloading ramps;
(5) the tissue did not reach full equilibrium at the end of the
5 min relaxation period selected for this study, suggesting that
relaxation tests where the deformation is held over the course of
20–30 min, i.e. within a time window for which tissue degradation
may still be neglected, are needed to measure equilibrium tissue
response. Also, note that the conditioned response of the tissue
was investigated and characterized according to a decreasing order
of deformation rates. Preliminary results (unpublished) seem to
indicate that once a sample was deformed at a given rate it was
‘‘conditioned” for deformation at that rate and at lower rates but
it would still exhibit additional conditioning if tested subsequently
at higher rates. Altering the order of the loading segments in future
studies may, therefore, provide useful validation data for a model
accounting for conditioning effects.

The proposed constitutive model successfully captures the main
features of the large strain tissue response, as measured in uniaxial
compression and tension. While the selected set of material
parameters was optimized specifically for the conditioned tissue
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response in the low to medium strain rate regime, the current for-
mulation remains general in nature and might be applied to model
tissue responses over more extensive ranges of strain rates (the
proposed formulation was also found to be appropriate to model
the response of rat neurons as measured via atomic force micros-
copy (AFM) indentation [61]). To demonstrate this versatility, a
preliminary fit of the model to the unconditioned (first loading
ramp) tissue response measured at low to high rates of deforma-
tion (0.01–3000 s�1) was conducted. The main results are reported
in Fig. 9. The set of material parameters found to capture the tissue
response upon loading at high rates was: K = 10 MPa, l0 = 10 kPa,
kL = 1.03, n = 0.3, r0 = 2 kPa, G0 = 6 kPa, G1 = 2 kPa, g = 1 kPa s. Note
that to capture the high rate regime response the material param-
eters needed to be altered. This is to be expected, as additional
mechanisms of resistance to deformation might be operative at
these rates. This observation mirrors findings in polymeric materi-
als [71], where additional constitutive elements are required to ac-
count for the increased resistance to molecular motions in the high
frequency regime. The bulk response of biological materials was
also found to be substantially stiffer at high rates of deformation
Fig. 10. A summary of the parameter search results obtained from three independent
experimental data used for the automated fitting procedure were the representative sets
seed (top table) the converged parameter values are reported, along with the correspon
corresponds to the investigation domain over which the automated algorithm was allowe
search procedure are shown in the bottom graphs (iteration numbers reported on the x
[72], as diffusion of interstitial fluid was drastically reduced. The
proposed model, with the modified material parameters reported
in Fig. 9, efficiently captures the essential features of the uncondi-
tioned loading response of brain tissue over a range of strain rates
from 0.01 to 3000 s�1. While some of the fine details of the tissue
response in the very low rate regime were unavoidably lost with
this alternative set of parameters, the extensive range of strains
and strain rates over which the tissue response was adequately
captured highlights the potential value of this model for finite ele-
ment simulations of loading transients leading to traumatic brain
injury. Typical deformation histories of brain tissue under blunt
impact or blast loading conditions present a very wide spectrum
of strains and strain rates, with inhomogeneous fields character-
ized by steep spatial and temporal gradients. The availability of
an accurate constitutive law to model the brain tissue response
is a crucial requirement to assess local levels of strain, stress and
strain rate associated with potential injury mechanisms. The pro-
posed model represents a first step towards the attainment of
this goal. Further model refinements are needed to address the
time dependence of the volumetric response associated with the
parameter seeds (starting guesses) using the simplex optimization method. The
of axial and lateral measurements provided in Figs. 3 and 5D, respectively. For each
ding starting seed in parentheses. The range indicated for each material parameter
d to search for minima. The material parameter and error function evolutions for the
-axis).
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biphasic nature of the tissue in the high to intermediate strain rate
regime.

5. Conclusions

This study presents a significant pool of in vitro experimental
results collected on porcine cortical brain tissue in unconfined
compression up to 50% nominal strain over three orders of strain
rate magnitude (0.01–1 s�1), both under in load/unload cycles,
with quantitative assessments of the tissue lateral deformation.
The constitutive model presented here successfully captures the
complex features inherent in the tissue response (hysteresis, non-
linearities, volumetric compliance, short- and long-time behaviors)
over four orders of strain rate magnitude (0.01–10 s�1), up to 50%
nominal strain with a relatively low number of material parame-
ters. The model is also able to predict the tissue behavior in tension
at quasi-static rates (�0.83 � 10�2�0.83 s�1) up to �20% strain.
Further testing of the ability of the model to predict the material
response under different modes of deformation is a necessary fu-
ture step. While the results of previous studies on the shear behav-
ior of the tissue are available in the literature [15,23,37], variations
in experimental protocols (post mortem time, age and species of
the animal model, sample size, orientation, composition, tissue
conditioning, etc.) led to large relative discrepancies. In order to
circumvent these difficulties, an experimental investigation of
the shear response of comparable tissue samples under testing
conditions identical to those of the current study would be needed
to assess the ability of the current version of the model to capture
the material response in simple shear. Furthermore, an experimen-
tal and computational investigation of the tissue response to dy-
namic indentation is being conducted to better characterize the
Fig. 11. Model fit to responses measured in unconfined uniaxial compression from two ‘‘
at large strains deviated from average by about plus and minus one standard deviation (l
Only K, G1, and g differed between the two outliers (stiff/compliant). The low and high v
with the compliant and stiff responses, respectively. (B–E) Axial tissue responses (mea
(measured and simulated). For clarity purposes, only the second load–unload segments a
squared errors between the responses simulated and measured over the entire loading
4.8 � 10�3 (compliant).
accuracy of the model for inhomogeneous deformations and com-
plex boundary conditions. Finally, the current formulation does not
account for the observed conditioning effects, where the first load-
ing ramp was associated with a substantially stiffer tissue re-
sponse. Interstitial fluid diffusion may play a significant role in
this conditioning process and future model refinements would
need to account for these poro-elastic effects.
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Appendix A

A.1. Determination of material parameters

The eight material parameters to be determined for the current
model are: K for the overall bulk response; l0 and kL for the elas-
tic shear response of network (A); G0, G1 and g for the linear
outlying” samples whose axial stresses and lateral stretches developed upon loading
abeled as ‘‘stiff” and ‘‘compliant”, respectively). (A) Optimized material parameters.
alues provided for each of these latter parameters corresponded to those associated
sured and simulated) for both outlying cases. (F) Associated lateral deformations
re provided for each strain rate (at a decreased sampling rate). The weighted mean
history (see Appendix for error definition) were found to be 3.3 � 10�3 (stiff) and
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viscoelastic backstress network (CDE); r0 and n for the reptation-
based short-term viscous response.

A.2. Preliminary parameter estimate

The following considerations were used to narrow down the
search range for appropriate parameter values.

1. Estimates for l0 and kL may be obtained by considering the
slope of the uniaxial stress–strain curve at the onset of defor-
mation and the instantaneous (elastic) slope upon unloading
at maximum strain; l0 correlates with the initial shear
response and kL correlates with the limiting stretch for tissue
extensibility. An initial guess for l0 falling in the range 5–
100 Pa was found to be appropriate. In order to match the steep
unloading response observed in the experimental data, initial
guesses for kL were selected to be in the range 1.02–1.2.

2. The (small strain) bulk modulus K may be estimated by exam-
ination of the lateral stretch data. The measured stress–strain
response, in conjunction with the lateral stretch data can be
used to obtain pressure volumetric Jacobian plots of the mea-
sured tissue response, from which an appropriate range for
the bulk modulus may be obtained. In practice, an initial guess
for K lying in the range 200–20,000 Pa was found to be
appropriate.

3. G1 and g govern the long-term viscoelastic response of the tis-
sue; their ratio g/G1, scaling with the long-term relaxation time
of the tissue, was estimated to be about 100 s upon inspection
of the long-term relaxation responses. g was thus set to
100 � G1 for the parameter search. Also based on the long-term
equilibrium response, an initial guess for G1 was determined to
fall in the range 100–1000 Pa. G0, which must be held suffi-
ciently high to sustain a prompt reversal of the viscous flow
at high rates but also sufficiently low to prevent any excessive
stiffening at large strains and low rates, was estimated to fall
in the range 1–20 kPa.

4. r0 and n modulate the onset of deformation in the nonlinear
viscous element and the nonlinear strain rate sensitivity of
the tissue, respectively. In the experimental data collected for
this study the tissue exhibited substantial rate sensitivity, so
that initial guesses for the exponential coefficient n were set
in the range 1–5. As viscous flow was experimentally observed
at low stress levels, initial guesses for the strength parameter r0

were kept below 1 kPa, with initial estimates in the range 10–
1000 Pa.

A.3. Automated parameter search algorithm

Based on these preliminary considerations, a systematic auto-
mated search was conducted using the Nelder–Mead simplex algo-
rithm [67,68] implemented in a MATLAB subroutine. The seven
variable (l0, kL, K, G1, G0, r0, n) error function minimized via the
search algorithm was defined in terms of a weighted mean squared
difference between the experimental and modeled stress and lat-
eral stretch histories:

error ¼ 1
jsmax

exp j
� jjws � sexp � smodel

	 

jj þ c � jjwk � kexp � kmodel

	 

jj

where || || is the Euclidian norm, sexp and kexp and smodel and kmodel

are the discrete time nominal stress and lateral stretch vectors ob-
tained experimentally and numerically, respectively; jSmax

exp j is a nor-
malization factor equal to the peak nominal stress value at 1 s�1

strain rate, c is a bias factor discussed hereafter and ws and wk are
weighting vectors designed to increase the significance of the tissue
response as the strains/stresses grow larger:
ws½i	 ¼
1P

j
ws½j	

� 1þ Sexp½i	
Smax

exp

�����
�����

 !

wk½i	 ¼
1P

j
wk½j	

� 1þ 105 � jkexp½i	 � kexp½0	j
� �

The discrete lateral stretch vector kexp was sampled from the por-
tion of the response for which reliable volumetric measurements
were available, i.e. over the five load–unload cycles at 0.1 s�1 and
the first load–unload cycle at 0.01 s�1. The weighting factor c mod-
ulating the lateral deformation portion of the error function was set
to 2 to compensate for the diminished pool of available lateral
stretch data.

Upon starting the simplex minimization scheme the user pro-
vides an initial guess for the seven material parameters, along with
lower and upper bounds for each of them. Note that this direct
search method does not necessarily converge to a minimizing
point. The algorithm was therefore run repeatedly, starting from
various initial guesses selected within the ranges determined via
the preliminary parameter estimate. The search results are shown
for one representative set of seed points in Fig. 10. The automated
search provided a remarkably consistent set of material parame-
ters. The latter parameter estimates were slightly readjusted man-
ually to capture subtle features of the response (e.g. nonlinear
behavior in the low strain range, volumetric compliance at large
strains) that the global error measure employed for the optimiza-
tion search procedure could not specifically account for. The mean
squared error obtained via the supplementary manual fit was of
the same order as that found via the automated search, i.e.
�3.5 � 10�3. The final selected set of material parameters is re-
ported in Fig. 7.

A.4. Parameter estimates for ‘‘outlying” cases

Using the parameter estimates obtained for the average tissue
response as the baseline, additional fits were performed manually
to assess the sensitivity of the material parameters to deviations
from the average tissue response. Two ‘‘extreme” cases were se-
lected – termed ‘‘stiff” and ‘‘compliant” – for which the axial stres-
ses and lateral stretches measured upon loading in the large strain
regime deviated from the average by about plus and minus one
standard deviation, respectively. The results are reported in
Fig. 11. The most prominent differences in material response could
be accounted for by altering the bulk parameter and long-term vis-
cous coefficients while retaining the remaining parameters virtu-
ally unchanged.
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