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Preface

spherical vector wave solutions to the Maxwell equations. It is an excerpt of

the much more detailed textbook by the author, viz. Scattering of Electro-
magnetic Waves. For convenience, the definitions of special functions used in this
text and their elementary properties are collected in a series of appendices.

The course requires a certain knowledge of basic electromagnetic field theory, for
instance the basic course in electromagnetic field theory at an undergraduate level.
We expect the Maxwell field equations to be known, as well as basic vector analysis,
and calculations with the nabla operator V.

Exercises or problem are gathered at the end of each chapter. Advanced exercises
are marked with a star (*). Answers to the exercises are found at the end of the
book.

f- [ Vhis textbook treats some of the necessary prerequisites for the analysis of

iii
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Chapter

Prerequisites

giants of the 19 century. Stars like André Marie Ampere!, Michael Faraday?,
and James Clerk Maxwell® shine brightly, see Figure 1.1. Many other scientist
have contributed to the theory. A few of these giants are shown in Figure 1.2.

The physics of electromagnetic phenomena takes place in space and time. There-
fore, a time dependent description is a natural starting point of modeling the elec-
tromagnetic interaction with matter. In fact, this approach is the guiding principle
throughout the first part of this chapter, which is devoted to modeling of electromag-
netic interaction with matter. By taking this viewpoint, we avoid some of the pitfalls
that might occur if you start with a frequency domain formulation. In particular,
causality is naturally included in the modeling.

In this chapter we review the basic equations that model electromagnetic wave
propagation — the Maxwell equations — and we set the notation used in this book.
This review and the most important consequences of the Maxwell equations, e.g., the
boundary conditions between two materials and conservation of power, are presented
in Section 1.1.

The foundation of the electromagnetics stands on the shoulders of the scientific

1.1 The Maxwell equations

The Maxwell equations are the fundamental mathematical model for all theoretical
analysis of macroscopic electromagnetic phenomena. James Clerk Maxwell realized
that light is an electromagnetic disturbance, and he published this result in 1864 in
a paper entitled: A dynamical theory of the electromagnetic field [9]. His famous
equations were published almost a decade later in 1873 in his textbook: A Treatise
on Electricity and Magnetism [10, 11].

All experimental tests performed since then have confirmed this model, and,
through the years, an impressive amount of evidences for the validity of these equa-
tions have been gathered in different fields of applications. However, microscopic

! André Marie Ampere (1775-1836), French physicist.
2Michael Faraday (1791-1867), English chemist and physicist.
3James Clerk Maxwell (1831-1879), Scottish physicist and mathematician.
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Figure 1.1: The pioneers of electromagnetic theory. From left to right: André
Marie Ampere (1775-1836), French physicist. Michael Faraday (1791-1867), English
chemist and physicist. James Clerk Maxwell (1831-1879), Scottish physicist and
mathematician.

phenomena require a more refined model including also quantum effects, but these
effects are out of the scope of this treatment.
The Maxwell equations are the cornerstone in the analysis of macroscopic elec-

tromagnetic wave propagation phenomena.* The Maxwell equations in Sl-units
(MKSA) are:
0B(r,t
V x E(r,t) = —% (1.1)
0D(r,t)

V x H(r,t)=J(r,t)+ (1.2)

ot

The equation (1.1) (or the corresponding integral formulation) is used to called
Faraday’s law of induction , and the equation (1.2) is often called Ampere-Maxwell
law. The different vector fields in the Maxwell equations are’:

E(r,t) Electric field [V/m]

H(r,t) Magnetic field [A/m]

D(r,t) Electric flux density [As/m?]

B(r,t) Magnetic flux density or magnetic induction [Vs/m?]
J(r,t) Current density [A/m?]

All these fields are functions of space and time, i.e., space coordinates r and
time t. Often these arguments are suppressed. Only when the equations and the

4Tt is out of the scope of this textbook to present a derivation of these equations. Several
excellent derivations of these macroscopic equations from a microscopic formulation are found in
the literature, see e.g., [4,5,13].

5Sometimes we will for simplicity use the names E-field, D-field, B-field, and H-field.
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Figure 1.2: Immortal scientists of electromagnetic theory. From left to right:
Jean-Baptiste Biot (1774-1862), French physicist, astronomer, and mathematician.
Heinrich Rudolf Hertz (1857-1894), German physicist. Hendrik Antoon Lorentz
(1853-1928), Dutch physicist. Nikola Tesla (1856-1943), Serbian inventor, mechan-
ical engineer, and electrical engineer.

expression can be misinterpreted, we make sure the arguments are explicitly written
out.

The electric field E(r,t) and the magnetic flux density B(r,t) are defined by
the force, F'(t), on a charged particle by Lorentz’ force.®

F(t) = ¢{E(r,t) + v(t) x B(r,)} (1.3)

where ¢ is the electric charge of the particle located at r(t), and v(t) is its velocity.

The free charges in the material, e.g., the conduction electrons, are described by
the current density J(7,t). The field contributions from bounded charges, e.g., the
electrons bound to the kernel of the atom, are included in the electric flux density
D(r,t).

One of the fundamental assumptions in physics is that electric charges are inde-
structible, i.e., the sum of the charges is always constant. This invariance principle
is very carefulness tested. One way of expressing the conservation of charges in
mathematical terms is through the continuity law of charges

dp(r,t)
ot

V-J(rt) + =0 (1.4)
Here p(r,t) is the charge density (charge/unit volume) that is associated with the
current density J(7,t). The charge density p(r,t) therefore models the free charges
of the problem. As alluded to above, the contributions from bounded charges are
included in the electric flux density D(r,t) and the magnetic field H(r,t).

Two additional equations are usually associated with the Maxwell equations.

V- -B(r,t)=0 :
V- D(r,t) = p(r,t) (1.6)

SHendrik Antoon Lorentz (1853-1928), Dutch physicist.
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Equation (1.5) tells us that no magnetic charges exist, and it implies that the mag-
netic flux is conserved. The equation (1.6) is usually called Gauss’ law’. Under
suitable assumptions, both these equations can be derived from the equations (1.1),

(1.2) and (1.4). To see this, take the divergence of (1.1) and (1.2). This implies

~0B(r,1)
ot

V- -J(r,t)+V

\Y =0
oD(r,t) 0
o
since V - (V x A) = 0 for an arbitrary vector field A. Interchanging the order of
differentiation and using (1.4) give

oV-B(r.1) _,
ot
OV - D(r.t) — plr.t) _,
ot

These equations imply

V- B(r.t) = fi(r)
V- D(’l",t) - p(’f‘,t) = f2(r)

where fi(r) and fy(r) are two functions that do not depend on time ¢, but can
depend on the spatial coordinates r. If the fields B(r,t), D(r,t) and p(r,t) are
identically zero before a fixed time, 7, i.e.,

B(r,t) =

then the equations (1.5) and (1.6) follow. Of course, static or time-harmonic fields
do not satisfy this assumption, since there is no time, 7, before which all fields are
zero.® However, under the assumption that fields and charges do not have existed
for ever, it is sufficient to use the equations (1.1), (1.2) and (1.4).

In vacuum the electric field E(r,t) and the electric flux density D(r,t) are
parallel — the difference is in unit they are measured. The same holds for the
magnetic flux density B(r,t) and the magnetic field H(r,t). We have

{Dw@:mEmw

Blr.t) = noH(r, ) (1)

where €y and pg are the permittivity and the permeability of vacuum. Numerical
values of these constants are: ¢y ~ 8.854-107'2 As/Vm and pg = 47-1077 Vs/Am ~

"Johann Carl Friedrich Gauss (1777-1855). German mathematician.
8We will return to the derivation of equations (1.5) and (1.6) for time-harmonic fields in
Section 1.2 on page 10.
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1.257-107% Vs/Am. The Maxwell equations in vacuum becomes

Vx E(r,t)= —MOM (1.8)

ot
V x H(r,t)=J(r,t) +60%
1.1.1 Energy conservation and Poynting’s theorem

Energy conservation is shown from the Maxwell equations (1.1) and (1.2).

oB
E=-"
V x oy
oD
H = —_—
V x J + BT

Make a scalar multiplication of the first equation with H and the second equation

with F and subtract. The result is
0B oD

We rewrite this expression with the use of the differential rule of the nabla-operator

V-(axb)=b-(Vxa)—a-(V xb). We have

0B oD
(ExH +H - Z2Z15.2Z g.Jg=
V- (ExH)+ 8t+ 8t+ J=0

The vector product of the electric and the magnetic field plays a special role,
and we introduce Poynting’s vector,” § = E x H. We get Poynting’s theorem.

OB oD
V- St+H =2 +E -+ E-J=0

We restrict ourselves to vacuum, D = ¢gE, and B = poH. The Poynting theorem
then reads

10
VoS4 2 B o BP) 4 BT -0 (1.10)

since 2F - O,E = 0, |E|* and 2H - ,H = 9, |H|".

Poynting’s vector S gives the power per unit area of the electromagnetic field
or the power flow in the direction of the vector S. This becomes clearer if we
integrate (1.10) over a simply connected volume V', bounded by the surface S and

with unit outward normal vector &, see Figure 1.3, and use the divergence theorem.
We get

//S-f/dS:// V.S dv
S \%
:_EE///[WM +eo|E|}dv—// E.-J dv
Vv Vv

The terms are interpreted in the following way:

(1.11)

9John Henry Poynting (1852-1914), English physicist.
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Figure 1.3: Geometry of integration.

[[swas
S

This is the total power radiated out of the bounding surface 9, i.e., the energy per
time unit, carried by the electromagnetic field.

The left-hand side:

The right-hand side: The power flow through the surface S is compensated by
two different contributions. The first volume integral on the right-hand side

10
éa// / [0 [HL" + o [ ET'] d
14

gives the power stored in the electromagnetic field in the volume V.
The second volume integral in (1.11)

/ E-Jdv

\%4

gives the work per unit time, i.e., the power, that the electric field does on the
charges in V.
This interpretation implies that (1.11) expresses power balance in the volume V/,
1.€.,
Through S radiated power + power consumption in V'

= — power bounded to the electromagnetic field in V'

1.2 Time harmonic fields and Fourier transform

Several important applications use time harmonic fields. In this section, we analyze
the special simplifications time harmonic fields introduce.

We obtain the time harmonic case from the general results in the previous section
by a Fourier'® transform in the time variable of all fields (dyadic-valued, vector-
valued, and scalar-valued fields). We investigate the consequences time harmonic

10 Jean Baptiste Joseph Fourier (1768-1830), French mathematician and physicist.
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fields have on the constitutive relations and we introduce the concept of active,
passive and lossless media. Moreover, the concept of reciprocity is introduced, and
we investigate the polarization state of a time harmonic field, which leads to concept
of the polarization ellipse.

The Fourier transform in the time variable of a vector field,
electric field E(r,t), is defined as

e.g., the

~ i i —iwt iwt [ ajwt
E(r,w) :/ E(r,t) e dt Time dependence e ! vs e“" (&)

The are two sign conventions for the tempo-
ral (inverse) Fourier transform. There is the

with its inverse transform

1 & .
) = %/_oo E(r,w)e ™ dw

Similarly, the Fourier transform for all
other time dependent fields, dyadics,
and scalars are defined. To avoid heavy

E(r,t

one we use in this textbook, i.e., e7“*, which
is used mostly by physicists. Electrical engi-
neers often prefer the opposite sign in the ex-
ponential, i.e., € or e/*. The choice of sign
is, of course, irrelevant in the computation of
all physical quantities, but it leads to different
signs in many of the complex quantities that
are used in the calculations.

The choice of the electrical engineers is most ap-
propriate when dealing with circuit applications
where the dependence of the space variables
is suppressed. However, using the ¢“! time
convention in wave propagation problems, like
the scattering problems we are dealing within
this textbook, leads to an extra minus signs in
front of the spatial dependence, e.g., an outgo-
ing spherical wave would be e *" /kr with this
time convention.

notation, we use the same symbol for the
physical field E(r,t), as for the Fourier
transformed field E(r,w) — only the ar-
gument differs. Moreover, note that the
Fourier transformed field no longer has
the same unit as the time domain field,
e.g., the physical electric field E(r,t)
has the unit V/m, but the Fourier trans-
formed field E(r,w) has the unit Vs/m.
In most cases the context suggests whether it is the physical field or the Fourier
transformed field that is intended. When there is doubts which field that is in-
tended, the time argument ¢ or the angular frequency w = 27 f, where f is the
frequency, is explicitly written out to distinguish the fields.

All physical quantities are real-valued, which imply constraints on the Fourier
transform. The negative values of w are related to the positive values of w by a
complex conjugate. To see this, we write down the criterion for the field E to be

real
/Erw de—{/ E(r,w)e 1“tdw}

where the star (*) denotes the complex conjugate. For real w, we have

/ E(r,w)e ™! dw:/ E*(r,w)e! dw:/ E*(r,

where we in the last integral has made a change of variable w — —w. Therefore, for
real w we have

w)e @ dw

E(r,w)=E*(r,—w) (1.12)

This shows that when the physical field is constructed from its Fourier transform, it
suffices to integrate over the non-negative frequencies only. By a change of variable,
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w — —w, and the use of the condition (1.12), we have

Y ;
E(r,t) = %/ E(r,w)e ™" dw

1 [ | |
=5 (E(r,w)e’m + E(r, —w)elm) dw
™ Jo
1 [ | . . . |
= (E('P,w)e—lwt + E*(fr,w)elwt) dw = = Re/ E(r,w)e " duw
2m Jo - ;

(1.13)
where Re z denotes the real part of the complex number z. A similar result holds
for all other Fourier transformed fields that we are using. We also conclude that the
real part of E(r,w) is an even function of w and the imaginary part of E(r,w) is
an odd function of w.

Fields that are purely time harmonic are of special interests in many applications,
see Table 1.1. If we concentrate on the time dependence, a purely time harmonic
fields have time dependence of the form

cos(wot — )

Such fields are generated by the following Fourier transform:
E(r,w) = ﬂ{é(w —wp) (ZE,(r) + yE,(r) + 2E.(1))
+ 6(w + wo) (ZE;(r) + yE; (1) + ﬁEj(r))}
= W{é(w — wy) (2| By (r) [ + g| B, (r)[e™) + 2| E,(r)]e7™)
e+ ) (@I (e + 1B, (e + 21E. (e |

where a(r), B(r) and y(r) are the complex phase of the components, wy > 0, and
where 0(w) denotes the delta function. Note that this Fourier transform satisfies
E(r,w) = E*(r,—w), which is the criterion for a real-valued field. The inverse
Fourier transform then gives

E(r,t) = % /_OO E(r,w)e ™ dw
= {ﬁ:]Ez(r)| cos(wot — a(r)) + Y| Ey(r)| cos(wet — B(r))
+ z|E,(r)] cos(wot — 7(1“))}

A simple way of obtaining purely time harmonic waves is to employ the following
expression:

E(r,t) = Re {E(r,w)e ™"} (1.14)
where E(r,w) is a complex-valued vector. If we write E(r,w) as
E(r,w) = 2E,(r,w) + gL,(r,w) + 2E.(r, w)
= 81 (r, )|+ G, (r, )| + 31, )
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Band Frequency Wave length Application
ELF < 3 KHz > 100 km
VLF 3-30 KHz 100-10 km Navigation
LV 30-300 KHz 10-1 km Navigation
MV 300-3000 KHz 1000-100 m | Radio
KV (HF) 3-30 MHz 100-10 m Radio
VHF 30-300 MHz 10-1m FM, TV
UHF 300-1000 MHz 100-30 cm Radar, TV, mobile communication
T 1-30 GHz 30-1 cm Radar, satellite communication
I 30-300 GHz 10-1 mm Radar
4.2-7.9-10" Hz | 0.38-0.72 um | Visible light

%See also Table 1.2.

Table 1.1: The spectrum of the electromagnetic waves.

Band Frequency (GHz)
L 1-2
S 2-4
C 4-8
X 812
K, 12-18
K 18-27
K, 27-40
Millimeter band 40-300

Table 1.2: Table of radar band frequencies.

we obtain the same result as in the expression above (without the index 0 on w).
This way of constructing purely time harmonic waves are convenient and often used.
Note that the field E(r,w) has the same unit as the field E(r,t). This is in contrast
to the Fourier transformation of the field above, but this difference seldom causes
problems.

1.2.1 The Maxwell equations

As a first step in our analysis of time harmonic fields, we Fourier transform the
Maxwell equations (1.1) and (1.2) (2 — —iw)

V x E(r,w) =iwB(r,w) (1.15)
Vx H(r,w)=J(rw) —iwD(r,w) (1.16)

The explicit harmonic time dependence e™™! has been suppressed from both sides
of these equations, i.e., the physical fields are

E(r.t) = Re {E(r,w)e ™"}
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This convention is applied to all purely time harmonic fields. Note that the elec-
tromagnetic fields E(r,w), B(r,w), D(r,w) and H(r,w), and the current density
J(r,w) in general are complex-valued vector fields.

The continuity equation (1.4) is transformed in a similar way and we have

V-J(r,w)—iwp(r,w) =0 (1.17)

The remaining two equations from Section 1.1, (1.5) and (1.6), are transformed
into

V-B(r,w)=0 (1.18)

V. -D(r,w) = p(r,w) (1.19)

These equations are consequences of (1.15) and (1.16), and the continuity equa-
tion (1.17) (cf. Section 1.1 on page 4). In fact, take the divergence of the Maxwell
equations (1.15) and (1.16) and use (1.17), which gives (V- (V x A) =0)

iwV - B(r,w) =0
iwV - D(r,w) =V -J(r,w) =iwp(r,w)

Division by iw (provided w # 0) then gives (1.18) and (1.19).
To summarize, in a source-free region the time-harmonic Maxwell equations are

{ V x E(r,w) = ik (coB(r,w)) (1.20)

V x (noH(r,w)) = —iko (conoD(r,w))

where 19 = \/10/€o is the intrinsic wave impedance of vacuum, ¢y = 1/ V/€opto the
speed of light in vacuum, and ky = w/cy is the wave number!! in vacuum. In
equation (1.20) all field quantities in parenthesis have the same units, i.e., that of
the electric field. This form is the standard form of the Maxwell equations that we
use in this textbook.

1.2.2 Constitutive relations

Constitutive relations model the interaction of the electromagnetic fields with ma-
terials. This topic is complex and well beyond the scope of this treatment. We
limit ourselves to simple homogeneous, isotropic materials, which is the most simple
material model. This model relates the electric and magnetic flux densities to the
corresponding fields, i.e.,

(1.21)

The parameters €(w) and p(w) are the (relative) permittivity and permeability of
the medium, respectively. The isotropic model is used frequently and is a good
model for many insulation materials, e.g., glass, china, and many plastic materials.

HMore correctly, kg is the angular wave number in vacuum, and f/cq is the wave number in
vacuum.
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1.2.3 Poynting’s theorem

In Section 1.1 we derived Poynting’s theorem in vacuum, see (1.10) on page 5.

V- {B() < H0)) + 0 [ HOP + o BOF] + B() - I(1) =0

The equation describes conservation of power and contains products of two fields.
For a product of time harmonic fields, the most pertinent quantity is the time average
over one period.'? We denote the time average as (-) and for Poynting’s theorem we
obtain

(B < HOY) + 5 (5 HOP) + 3 (G IBOF ) + (B0 - 3(0) =0

The different terms in this quantity after a time average are

(E(t) x H(t)) = %Re (E(w) x H*(w)} (1.22)

and

|E(t)\2> _ %Re{—lw\E )2} =0

(B(1) T(1) = 5 Re {B(w) - J* ()}

Poynting’s theorem (balance of power) for time harmonic fields in vacuum, av-

eraged over a period, becomes (Notice that the time average and the differentiation
w.r.t. space commute, i.e., (V-{E(t) x H(t)}) =V - ({E(t) x H(t)})):

ReV - {E(w) x H (w)} + Re{E(w) - J*(w)} =0 (1.23)

Of special interest is the case without currents J = 0. Poynting’s theorem is
then simplified to
ReV -{E(w) x H*(w)} =0

Integration over a finite volume V' with bounding surface S and outward pointing
normal & then shows

Re// (E(w) x H* ()} - & dS = Re// V- {B(w) x H ()} dv = 0

12The time average of a product of two time harmonic fields fi(t) and fa(t) is easily obtained
by an average over one period T = 27 /w.

/ J1(8) f2(t) f/ Re {fi(w)e '} Re {fo(w)e '} dt
o [ AR 4 T + AW + R}
= HAW@E W) + R @A) = 1 Re {A)f; ()



12 Prerequisites Chapter 1

Here we have used the divergence theorem. This identity shows that the net flux of
power through the surface S' is zero.

1.2.4 Reciprocity

In this section we introduce the concept of reciprocity, which compares solutions to
the Maxwell equations. As with the Poynting’s theorem, we restrict ourselves to
a vacuous region V. The first set of solution, denoted by the superscript a, i.e.,
the fields are E* and H®. The second set of solution, which we denote by the
superscript b, has fields E® and HP®. All sources are assumed to be located outside
the finite volume V.

We investigate the following surface integral over the bounding surface S:

//(Eabe—beHa)-ﬁdS:///V-(Eabe—beHa) dv
S v

where we used the divergence theorem to transform the surface integral into a volume
integral over V.

Now use the Maxwell equation V x H = —iwegF and V X E = iwugH and the
differentiation rule V- (@ x b) = (V xa)-b—a - (V x b) to rewrite the volume
integral as

//(Eabe—beHa)-f/dS
S
—///((Van)-Hb—Ea-(Vbe)—(Vbe)-Ha+Eb-(VxHa)) dv

—iw///{,uOHa'Hb—l—eoEa'Eb—upo-Ha—eoEb-Ea} dv=0
v

The conclusion therefore is that in a vacuous volume bounded by a surface S,
two solutions always satisfy

//(Eabe—beHa)~1>dS:O
S
This is Lorentz’ reciprocity theorem.

1.2.5 Ellipse of polarization

A time harmonic field can be described in geometrical terms. All time harmonic
fields oscillate in a fixed plane and the field follows the trace of an ellipse in this
plane. The presentation in this section is coordinate-free, which is advantageous
since the analysis can be made without referring to any specific coordinate system.
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We consider the time harmonic field E(t) (all dependence on the space coordi-

nates 7 is suppressed in this section) at a fixed point in space. The time dependence
of the field is

E(t) = Re {Ege '} (1.24)

where Ej is a constant complex vector (can depend on, e.g., w and 7), which Carte-
sian components are

Eo = Ci!EOx + @Eoy + ,;JEQZ = :%|E0x|ei0‘ + @|E0y|eiﬁ + 2|E()z|ei7

and «, $ and 7 are the phase of the components, respectively.

First we observe that the vector E(t) in (1.24) for all times lies in a fixed plane
in space. To see this, we express the complex vector FEy in its real and imaginary
parts, Ey, and Ey;, respectively.

E, = E, +1E;

The real vectors E,, and E,; are fixes in time, and their explicit Cartesian compo-

nents are
Eo, = &|Ey,| cosa + §| Ey,| cos 8 + 2| Ey.| cosy

Ey; = z|Ey,|sina + y|Ey,|sin § + 2| Ey, | sinvy

The vector E(t) in (1.24) is now rewritten as
E(t) = Re {(EOr +iEy;) e*i”t} = Ey, coswt + Ey; sinwt (1.25)

from which we conclude that the vector E(t) lies in the plane spanned by the real
vectors Ey, and FEy; for all times ¢. The normal to this plane is

R Eo,. x Ey;
v=+4+—7"-———
|Eo, X Eo

provided that Ey, x Ey; # 0. In the case Ey, x Eg; = 0, i.e., the two real vectors
E,, and E; are parallel, the field E oscillates along a fixed line in space, and no
plane can be defined.

In general, the real vectors Eg, and Ey;, which span the plane in which the vector
E(t) oscillates, are not orthogonal. However, it is convenient to use orthogonal
vectors. To this end, we introduce two new orthogonal vectors, a and b, which are
linear combinations of the vectors Ey, and FEy;. Let

a = E\, cost + Eg;sinv
{ 0 0 (1.26)

b= —FEgsinv + Egy cost

where the angle ¥ € [—7/4,7/4] is defined as

2E0r ' EOi

tan 29 =
|l§'0r|2 - ‘E01|2
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By this construction a and b are orthogonal, since

a-b=(Ey cost+ Egsind) - (—Eg,sind + Eg; cos )
= — (|Eo.]> = |Eoi?) sintv cos ¥ + Ey, - Eg; (cos® ¥ — sin® ¥)

1
=-3 (|Eo|* — |Eoi|*) sin 20 + Eo, - Eq;cos29 = 0

by the definition of the angle 9.
The vectors Eqy, and Eg; can be expressed in the vectors a and b. The result is

Ey. = acos? — bsinv
Ey; = asin? + bcosv

i.e.,
Ey = Ey, +iEy; = (acos? — bsind) +i(asind + bcos?) = ¢’(a +ib) (1.27)

This representation also implies a simple form of the magnitude of the complex
vector FEy, i.e.,

|Eo|> = Ey - E} = (a+ib) - (a —ib) = a®> + b*
Inserting in (1.25) we get the physical field, i.e.,

E(t) = Ey, coswt + Ey;sinwt
= (acos?¥ — bsin?) coswt + (asind + bcos ) sinwt (1.28)
= a cos(wt — V) + bsin(wt — 1)

The vectors a and b can be used as a basis in an orthogonal coordinate system in
the plane where the field E oscillates. From a comparison with the equation of the
ellipse in the zy-planet (half axes a and b along the z- and the y-axes, respectively)

X = acos ¢

= bsin¢
and (1.28), we conclude that the field E traces an ellipse in the plane spanned by
the vectors a and b and that these vectors are the half axes (both the direction
and size) of the ellipse, see Figure 1.4. From (1.28) we also see that the field F is
directed along the half axis @ when wt = ¢ + 2n7, and that the field FE is directed

along the other half axis b when wt = ¥ + 7/2 4 2nm. The angle 9 is the parameter
that marks where on the ellipse the field F is directed at ¢t = 0, i.e.,

E(t=0) =acost — bsinv

and the vector E moves along the ellipse in a direction from a to b (shortest way).
The vectors a and b describes the polarization state!® of the field E completely,
except for the phase angle 9.

Do not mix the concept of polarization of the material, P, with the polarization of a vector
field.
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A

Figure 1.4: The ellipse of polarization and its half axes a and b.

ie - (Ey x Ej) | Polarization
=0 Linear polarization
>0 Right-handed elliptic polarization
<0 Left-handed elliptic polarization

Table 1.3: Table of the state of polarization of a time harmonic field.

We are now classifying the polarization state of the time harmonic field E(t).
This field can either be rotating along the elliptic curve in a clockwise or a counter-
clockwise direction. Without a preferred direction in space, the direction of rotation
is a relative concept — depending on which side of the plane we observe the oscilla-
tions. From the direction of the power flow of the electromagnetic field at the point
of observation, (S(t)), we define a preferred direction in space. Let & be the normal
to the plane of polarization, such that (S(¢))- € > 0. We use this unit vector & as a
reference direction.

The polarization of the field is now classified according to the sign of the com-
ponent of iEy x Ej = 2E,, X Ey; = 2a x b on e, see Table 1.3. The field vector
either rotates counterclockwise (right-handed elliptic polarization) or clockwise (left-
handed elliptic polarization) in the a-b-plane, see Figure 1.5, if we assume that the
unit vector e is directed towards the observer, and that the vectors a and b have
the position depicted in Figure 1.4.14

The degenerated case, when the vectors Ey, and Eg; are parallel, implies that
the field vector moves along a line through the origin — therefore the notion linear

14n the literature there are also occur the opposite definition of right- and left-handed elliptic
polarization. Examples with the opposite definition are: [5], [14], and [15]. In this book, we are
using the same definition as, e.g., [2], [4], [6], and [7]. Our definition also coincides with the
IEEE-standard.
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Right
N\ Left
E(t)
® e

Figure 1.5: The ellipse of polarization and the definition of right- and left-handed
polarization. The unit vector & perpendicular to the plane in which the field vector
E(t) oscillates and satisfies (S(t))- € > 0. It is assumed that the vectors @ and b
have the position depicted in Figure 1.4.

polarization. The linear polarization is characterized by Ey x E;; = 0. The case of a
linear polarization can be viewed as a special case of an elliptic polarization, where
one of the half axes is zero.

One special case of elliptic polarization is particularly important. This occurs
when the half axes of the ellipse, a and b, have the same length, and the ellipse is
a circle. We then have circular polarization. Whether the polarization is circular
or not is decided by testing if Eq - Eq = 0. To see this, we use (1.27) and the
orthogonality between the vectors a and b, and we get

Ey-Ey=¢*" (a+1ib) - (a + ib) = *? (\a!2 — \b[Z)

The ellipse of polarization is therefore a circle, a = |a| = |b] = b, if and only if
E,- Ey = 0. The direction of rotation is determined by the sign of the quantity
ie - (Ey x Ej). Right (left) circular polarization is abbreviated RCP (LCP).

Another, more convenient, way of determining whether the polarization is circu-
lar or not is to study the quantity, use (1.27)

e o .u. 2e-(axb)  F2ab (a — b)?
1e - (pe X pe) = |a|2 + |b|2 = Cl2 I b2 = ( - (12 T b2 (129)

where p, = Ey/ |Ey|. If this quantity is +1, we have RCP (upper sign) or LCP
(lower sign). It is therefore convenient to define a polarization state quantity IT as

=ié- (p, x p) (1.30)



Section 1.2 Time harmonic fields and Fourier transform 17

IT | Polarization X e (axb)
—1 | Circular polarization LCP /4 -1
< 0 | Left-handed elliptic polarization | (0,7/2) -1

0 | Linear polarization LP 0,7/2 +1
> 0 | Right-handed elliptic polarization | (0,7/2) 1

1 | Circular polarization RCP /4 1

Table 1.4: Table of the polarization state II of a time harmonic field.

This quantity is always in the interval [—1,1]. II = —1 corresponds to LCP, IT = 0
corresponds to LP, and IT = 1 corresponds to RCP. We summarize these observations
in Table 1.4.
In terms of the notation above, a general polarization state is given by
. o (a+1ib
o e119 ( )

b= Votp
Define the angle y by

a
COSY = ——————
b X eTr
tany =—, x€[0,7/2] = b
a sin y =

N

and in terms of the natural orthonormal basis {a, I;} aligned along the two half axis
of the polarization ellipse, we get

P (a +ib)

== (d cos Y + ibsin X> (1.31)

T VETE
and also the polarization state
II=ié-(p, x p) =2é-(a x b)sinycosy = é&- (@ x b)sin2y
The canonical form of a RCP field is
Eo = By (a+ib)
and the canonical form of a LCP field is
Eo = Fy (a—ib)
if {@,b,é} forms a right-handed orthonormal basis.

Example 1.1
The most general harmonic field in the é;-és-plane has the form (we assume {é1, &2, €}
forms a right-handed orthonormal basis)

E(t) = e1Acos(wt — a) + e3B cos(wt — 8)
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where A > 0, B > 0, and « and 3 are real angles. The corresponding complex vector Ej
is

E(t) = Re { Ege™ !
()= Re {Foe” ™} (1.32)
Eq = Aéd®é; + Be'Pe,
which implies
iEg x Ej = iABe (@ Pe, —iABe (@ BFes = —24ABe;, sin(a — f3)
From this we conclude that the field is
Left-handed polarization if 0 < o — f < 7
Right-handed polarization if # < o — 8 < 27
Linear polarization if a = Sora=+m7
where the inequalities are interpreted mod 2.
The real and imaginary part of Eq are
Ey. =eéjAcosa+ éxBcosf
Ep; =é1Asina + é3Bsin 3
From equation (1.26) we have
a = (é1Acosa+ éyBcos ) cost + (é1Asina + é3Bsin ) sin ¢
b=—(e1Acosa+ ésBcosf)sind + (é1Asina + é2B sin 3) cos ¥
where the angle 19 is determined by
A?sin 2a + B?sin 23
tan 29 = 1.33
At A? cos2a + B2 cos2f3 (1.33)
which implies that the half axes of the ellipse are
a = Aé;jcos (¥ — a) + Béycos (¥ — )
b= —Aé;sin(J — a) — Béysin (9 — )
The length of the half axes are
a=+/A2cos? (9 — a) + B2cos? (I — )
(1.34)

b= \/AQSinQ(ﬂ—a)—FBQsinQ(ﬁ—ﬂ)

and the angles ¢, and ¢; between the é;-axis and the half axes a and b are determined
by

_ Becos (¥ - )
tan ¢a = Acos (¥ — «) 1.35
Bsin (¥ — B) (1.35)
(=) = A0 —a)

respectively. Wl

Example 1.2
Construct the harmonic field, oscillating in the é;-es-plane, satisfying the following spec-
ification (see also Figure 1.6):
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Figure 1.6: Ellipse of polarization in Example 1.2.

e The field is at time ¢ = 0 polarized along the é;-axis and strength E (a given real
constant), i.e., E(t =0) = &1 F.
e The quotient between the axes of the ellipse is ¢ = b/a. The axis a, with the length
a, is located in the first quadrant, and the angle between a and the éj-axis is ¢.
e The field has right-handed elliptic polarization ((S(t)) is assumed to be directed
along é3 = &1 X é3).
We assume {é1, é, €} forms a right-handed orthonormal basis. Determine the real con-
stants F1, Fs, o, and S in the expression

E(t) = é1F; cos(wt — ) + éaF cos(wt — )
i.e., determine the amplitude and the phase of the é1- and és-components.

Solution: Introduce the half axes of the ellipse.

a

a=———(é;+éxtan¢
\/1—|—tan2q§(1 2 )
b= % (éitans + &)

V1 + tan? ¢

which implies that the length of the vectors a and b are a and b, respectively, and,
moreover, this choice gives a right-handed elliptic polarization of the field since

(@ x b)-eé3=a% >0
Now determine the angle ¥ in the expression Ey = eV (a + ib).
E(t) = Ey, coswt + E; sinwt = a cos(wt — ) + bsin(wt — 9)
At time t = 0 we have

E(0) = Eyp, = acos? — bsind = Eé;
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i.e., the components satisfy

a

1+ tan? ¢

a

V' 1+ tan? ¢

(cos? +etan¢sind) = F

(tan g cos ¥ — esind) =0

with solution

a E
—F—cosV = ——5—
V1 +tan? ¢ 1+ tan®¢

a . FEtan¢

ind

\/1+tan2q§s " (1 +tan?9)

and we have
a oi? E (e +itan¢)

V1ttan2g  e(l+tan?9)

E (e +itan¢)
(1 +tan?¢)
tan ¢ e 4+ tan? ¢

1—€?
_ple (14 A
{el( +11—1—1:6L112gb £ )+1625(1+tan2¢)}
. 1—e? o 2 1 .5
=FJe[1+i 5 sin2¢ | +iéq | £cos® ¢ + —sin” ¢
€ €

From this expression of Ey we can identify the amplitudes A andB and the phases o and

B in

{(é1+ éxtan¢) +ie (—€1 tan¢ + &2)}

E(t) = e1Acos(wt — a) + e3B cos(wt — )

by rewriting the complex vector E( in polar form

Ey= élAeia + égBeiﬂ

1.e.,
2
(1—e?? = -
A:\/1+4€231n 20 «a = arctan e sin 2¢
1 _T
BZECOSQ¢+gSin2¢ B = 2
|

1.3 Green’s functions and dyadics

To analyze the electromagnetic fields we need some results from Green’s function
techniques and the scalar and vector potentials.
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1.3.1 Green’s functions in isotropic media

In this section, we quantify the electromagnetic field in a homogeneous, isotropic
material due to a given current density J, which quantifies all sources everywhere
in space. The Maxwell equations are then, see (1.15) and (1.16)

{ V x E(r,w) = iwB(r,w) R
r

Vx H(r,w)=J(rw)—iwD(r,w)

Our goal here is to solve these equations for a given current density J(r,w), which is
assumed to vanish outside a finite volume V. We show that this is possible provided
we can determine the Green’s function of the problem.

The assumption of a homogeneous, isotropic material implies that the constitu-

tive relations are
D(r,w) = ee(w)E(r,w)
{ B(r,w) = pop(w)H (r,w) (1.36)

where €(w) and pu(w) are complex constants independent of 7, but they can still
depend on the (angular) frequency w. If we combine these equations, we get

V x E(r,w) = iknon(w)H (r,w)
non(w)V x H(r,w) = non(w)J (r,w) — ikE(r,w)

where the wave number £k is

b= (eopoe(w)p())* = = (clwhn(w)

and the wave impedance of vacuum, 7, and the relative impedance, n, are defined
as
1/2 1/2
A _(1w)
=) o= (55)

V x (V x E(r,w)) = iknyn(w)V x H(r,w) = iknyn(w)J (r,w) + K*E(r,w)

Consequently, we get

or

V x (Vx E(r,w)) — KE(r,w) = iknyn(w)J (r,w) = iwpep(w)J (r,w)

(1.37)

1.3.2 Potentials and gauge transformations

Equation (1.37) is the partial differential equation that the electric field satisfies for
a given current density distributions J. The solution to this equation then deter-
mines the other fields D, B and H by the Maxwell equations and the constitutive
relations (1.36).
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The partial differential equation (1.37) is a system of three coupled equations;
one equation for each Cartesian component. The fact that it couples all components
to each other makes it hard to solve the equation as it stands. We are now looking
for an alternative way of writing this system of equations such that each Cartesian
component decouples. One way of accomplishing this is to introduce the vector
potential A defined by

B=VxA (1.38)

The existence of a vector potential is guaranteed by V - B = 0.
The scalar potential ¢ is defined by Faraday’s law.

VX FE =iwB =iwV x A

We get
VX (E—-iwA)=0

which implies that there is a function ¢ such that!®
E—iwA = -V
or
E=iwA -V (1.39)

The magnetic flux density B and the electric field E can therefore be computed
from the vector potential A and the scalar potential ¢.

The vector potential A and the scalar potential ¢ are not uniquely defined. If
A and ¢ are replaced by

¢ =+ iwy

where 9 is an arbitrary (differentiable) function, the magnetic flux density and the
electric field remain the same since

{A:A+Vw

VxA =VxA+VxVy=VxA

and
iwA' — V¢ =iwA +iwVy — V¢ — iwVy = iwA — V¢

As a consequence, we obtain the same physical fields, E and B, from both the
unprimed and primed potentials. This type of transformation is called a gauge
transformation.!®

The lack of uniqueness of the vector potential A and the scalar potential ¢ is
now used to find a more simple equation for the vector potential A than equation

15To make the existence of ¢ clear, we assume the domain of investigation is a simply connected
domain. This is the case for R3.

16The name gauge often raises questions. The mathematician Hermann Weyl coined the name
in 1921 when he presented a theory on charged particles. In the theory lengths could be scaled
differently at different points in space. The name gauge, which has the meaning of scaling, has
survided.
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(1.37) for the electric field E. Therefore, we let the vector potential A and the
scalar potential ¢ satisfy a constraint. Several possibilities arise, but the one that is
most used is the Lorenz’ condition'” or Lorenz’ gauge.

21,2
voa i,
w

(1.40)

It always possible to find A and ¢ such that this condition is fulfilled. In fact,
assume we have a vector potential Ay and a scalar potential ¢q that satisfy

B:VXAO
E:ion—quo

but not (1.40). Then define a new vector potential A and a new scalar potential ¢
by

A=A,V

¢ = ¢ — iwy
where the function ¢ is an arbitrary solution to the inhomogeneous Helmholtz’
equation,'® j.e.,

'k/‘2
V2 + k= V- Ag — —
w
Note that the right-hand side of this equation is known and non-zero, since we
assumed that Ay and ¢y do not satisfy Lorenz’ condition. The physical fields E and
B are not affected by this chance of vector potential and scalar potential since the
change Ay — A och ¢y — ¢ is a gauge transformation.
The new potentials A and ¢ satisfy Lorenz’ condition, which the following com-
putations show
ik? ik?
V- A-" =V (A)— V)"
w
ik? 9 9
=V -Ay— —¢g— VY —-k*p=0
w

(o — iwr))

w

by the definition of the function . It is therefore always possible to choose a vector
potential A and scalar potential ¢ such that Lorenz’ condition is satisfied.

Even if the vector potential A and the scalar potential ¢ satisfy Lorenz’ condi-
tion, they are still not uniquely defined. This becomes clear by a similar analysis
as above, but with Ay = 0 and ¢y = 0. Lorenz’ condition is then satisfied from

1"Note that it was the Danish physicist Ludvig Valentin Lorenz who first formulated this condi-
tion in a paper from 1867. The Dutch physicist Hendrik Antoon Lorentz made a similar discovery,
but later. Therefore, the condition should be credited to Lorenz’ name, and not Lorentz. Addi-
tional details can be found in [16].

¥Hermann Ludwig Ferdinand von Helmholtz (1821-1894), German physician and physicist.

19 A solution to this equation always exist (in the vector case) as shown later in this section.
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the start, but nothing prevents us from changing the potentials by choosing v that
satisfies the homogeneous Helmholtz’ equation

V2 + k2 =0

The partial differential equation that A satisfies becomes very simple, if we let
Lorenz’ condition be satisfied. Insert (1.39) in (1.37).

V x (V x (iwA — V¢)) — k* (lwA — Vo) = iwpoud
Then use V x V¢ = 0 and introduce Lorenz’ condition (1.40). We get
Vx(VxA) —KA-V(V-A)=puuJ

Moreover, we have

VA=V (V-A) -V x(VxA) (1.41)

which is easily seen by evaluating the identity in Cartesian components. Finally, the
vector potential A satisfies the following equation:

V2A+ KA = —popd

(1.42)

Provided we can solve this equation, we can determine ¢ by the use of (1.40)
and the fields E and B by (1.39) and (1.38), respectively. The fields D and H
are then determined by the constitutive relations. In general, (1.42) is more easy
to solve than (1.37), since the different Cartesian components do not couple to each
other in (1.42).

1.3.3 Canonical problem in free space

The solution to (1.42) is obtained by first solving a canonical problem with a simple
source term. Suppose we have a solution g(k,r,7’) to the following equation:

Vig(k,r,v'") + kK*g(k,r,7) = —0(r —7'), r r cR? (1.43)

where the differentiations are made w.r.t. the variable 7 and where §(r —r’) denotes
the three-dimensional delta distribution or delta function, i.e., its representation in
the Cartesian coordinated system is

dr—r)=06x—2")o(y—y)i(z—2")

The function g(k,r,r’) is the Green’s function®® of the scalar Helmholtz’ equation.
The solution to our original problem (1.42) then is

pgu/// (k,r, )T (r") do’ (1.44)

20George Green (1793-1841), British mathematician and physicist.
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where dv’ denotes the volume element dz’ dy’ dz’ (integration is made over the vari-
able ') and the domain of integration is the entire space or effectively the region in
space where J # 0.

Formally, we see that (1.44) is a solution to (1.42) by inserting the solution and
interchanging the order of differentiation and integration. We have

V2A(r) + K2 A(r) = pop /// (V2g(k,r,7") + K*g(k, v, v")) J(r') do'

= — o /// o(r —r)J(r') dv' = —popd (r)
v

by the use of the definition of the delta distribution §(r—r’). Notice that these com-
putations with the delta distribution are formal, but can be make mathematically
rigorous. Here, we treat the delta distribution as an “ordinary” function.

It remains to solve the canonical problem (1.43). This problem has spherical
symmetry (the source is spherically symmetric), which implies that we are seeking
a solution g(k,r,r’) that only depends on the distance R = |r — r'|. We translate
the source to the origin and we get the problem

Vig(k,r) + k*g(k,7) = —d(r) (1.45)
to solve, where r = |r|. For r # 0, we have
V2g(k,r) + k*g(k,r) =0
The Laplace’s operator V2 in spherical coordinates, see Appendix E, implies

1 & )
oz (rg(k, ) + kg (k,r) =0

or
d2
e (rg(k,r)) + k*rg(k,r) =0

with a general solution
rg(k,r) = Ae* + Be k"

1.€.,

elkr e—lk?"
+ B
T T

glk,r)=A

Green’s function g(k,r), which represents the solution of a unit source at the
origin, should, for physical reasons, represent an out-going spherical wave

elkr—lwt

r
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This implies that we choose the constant B = 0. The remaining constant A is
determined if we integrate (1.45) over a ball of radius € centered at the origin.!

// VZg( krdv+k2/// (k,r) ///5

r<e

€ Likr €
/// g(k,r) dv = 47TA/ C e = 47TA/ e*r dr — 0
o T 0

r<e

Now is

when ¢ — 0. Moreover, the divergence theorem implies

// V2g(k,r) dv:///V~Vg(k,r) dv://ﬁ~Vg(k,r) ds
- //dgkrds 48d(dk:7")

r=¢&

ko1
:47T5A1k5{1— 2}% —4rA
e €
when € — 0. Thus, we conclude —47A = —1, and g(k,r) = e*" /47r. A translation
of the source point back to ' implies
. eik|r—r’\
k,|r— = — 1.46
g( 7‘7‘ Ir‘) 47T"I°—’I°/| ( )

21 A more rigorous way of determining the constant A based upon the theory of distributions is

][ aterivow) av i [[ [ at.now) ao = - [[ [ s av=-s(0)

where ¢ is an infinitely differentiable function with compact support, i.e., it vanishes outside a
finite domain. Use Green’s formula on the domain r > . We get

_1%{/// (k) V24( )dv+k2///g(k,r)¢(r) dv}

:gi_r%{///VQg(k,r)qS(r) dv + k2 ///g(k,r)¢(r) dv}

H0// (89 (k,7) ag(:)g(k,rg s

ike
5~>0 // 69 (k,7) )dS = hm Adre*p(0 )L (ik‘ - i) = —4mwA¢(0)

3
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The solution to the vector potential A by (1.44) then is

1k|1‘ r
/ d /
’“‘0“///4w|r—fr'l r

(1.47)
The electric field E by the use of (1.39) and (1.40) is
E(r)=iw [A( )+ kQV(V A(r ))]
1k\r /|
= iknon |13 —|— VV /// (r') dv
At|r — 1"|
(1.48)

where I3 is the unit dyadic in three dimensions. The magnetic field H is by the use

of (1.38)
H(r) Vx A(r) =V /// S T
r)=—V X X v
Hop 47TI?“-?“’I

Notice that these expressions, hold for an observation point r both inside and out-
side the domain V| i.e., outside the region where the currents are non-zero. The
interpretation of these integrals for an observation point = inside the domain V' is
addressed in Section 1.4.

(1.49)

1.4 The Green’s dyadics in isotropic media

The solution of the electromagnetic problem obtained above can also be written
in a compact dyadic notation utilizing Green’s dyadics. For easy reference, we
summarize our canonical problem from above, and define Green’s function in free
space, g(k,|r — r']), as the solution to

(1.50)

Veg(k, [r —r'l) + K2 g(k, |r = '|) = =o(r — ')
- Vg(k, v —r'|) —ikg(k,|r — ') = o((kr)™")

The second condition is the appropriate radiation condition to secure that the radi-
ating solution is obtained. The unique solution to this problem is

H )
elk|r o

g(ku |’I" - lr’/|) -

dr|r — 7|
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1.4.1 Full Green’s dyadics in free space

We start by formulating the canonical problem (1.50) in a dyadic notion. The
definition of the full Green’s dyadic is

eik|r7'r"|
G(k, |r — ') =Lg(k,|r —7'|) =L ——
Art|r — 1| (1.51)
and it is the unique solution of
V3G (k,|r — ') + K*G(k, |r — ') = —I36(r — ') (1.52)
V x G(k, |r —7'|) — ikt x G(k, |r —7'|) = o((kr)™1) '

The second condition is the appropriate radiation condition to secure that the radi-
ating solution is obtained.?
The dyadic G(k, |[r — 7'|) is symmetric as seen from its definition. This means
that
Gk, |r—7'])-e;=¢€;-G(k,|r —7'|) - &

for any orthonormal basis €;, i = 1,2,3. However, the curl of Green’s dyadic is
anti-symmetric as seen from the following calculations:

e (VxGk|r—7) & =é&- (Vglk,|r—7) xe;)
= —¢&; - (Vg(k,|r —7'|) x &)
=—&;- (VxG(k,|lr—7']))- e
This property is written as
(VX Gk, |r —7'])) = =V x G(k,|r —7'|)
Furthermore, due to the spatial dependence |r — 7’|, we have

V x Gk, |r —7'|) = =V’ x G(k,|r — r'|)

1.4.2 Green’s dyadic for the electric field in free space

The dyadic G(k,|r — 7'|) in (1.51) is not divergence-free. To make it useful in
solving electromagnetic problems in source-free regions, we need to subtract the
part of G(k, |r — 7'|) that contains the non-zero divergence contributions.

It is also interesting to investigate Green’s dyadic for the electric field, which we
denote G,. This dyadic is defined as the unique solution of

{v X (V% Ge(k, 7 = 7")) = E*Go(k, 7 — ') = L(r — 1) (1.53)

V X Go(k, 7 —7') —ik? x Go(k,» —7') = o((kr)™")

22The right-hand side is a dyadic-valued quantity and the o-symbol means that each Cartesian
component behaves as o((kr)™1).
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Notice the similarity with the equation for the electric field, see (1.37). The full
Green’s dyadic G(k, |r — 7'|) = Isg(k, |r — 7'|) satisfies (1.52).

VG (k, |r —7'|) + K*G(k,|r — ') = —L36(r — 7)
Adding these two equations and using (1.41) give
Vx(Vx(G,—G))—k(G,—-G)=-V(V-G)=-VVy

which we write as

V x (VX (G G—ﬁvvg» e (G G—ﬁvvg)

One solution of this equation is*

k

G.= G+ =VVg= <13+k2vv>

(1.54)

From this representation we see that not only G is a symmetric dyadic but also G..
Furthermore, its spatial dependence is » — r’/. Moreover,

V X Ge(k,r —7') =V x G(k,|r —7'|) = =V' x G(k,|r — 7'|)
=-V'x Ge(k,'r—r)
Similar arguments, as for the full Green’s dyadic, show that V x G¢(k,r — ') is an
anti-symmetric dyadic. We collect the results.
(
Gulhor =) = (Tt 1599 ) gl fr = )
1

=13 {V x (V xLyglk,|r —7'|)) =136 (r — ')}
(Gelk,7 — 7)) = Ge(kyr — 1)
[ (VX Ge(k, 7 — 7)) = =V x Ge(k,r — 1)

The alternative form of Ge(k,r — 7') utilizes the identity

V x (V x Isyg(k, |r —7'|)) =VVg(k,|r —r'|) — IV3g(k, |r —7'|)
=VVy(k,|r —7r'|) + I3 (K*g(k,|r — r'|) + 6(r — 7))

Problems for Chapter 1

ZThis is the only solution provided the radiation conditions are satisfied.
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1.1

*1.2

The current density J(7,w) is located inside a ball of radius a. The current density
has only a radial component and the components depend only on the radial distance
T, i.e.,

J(r,w) =
( ) 0 rT>a

{f"f(r,w) r<a

Determine the electric and magnetic fields outside the source region, i.e., for r > a.
The sources are assumed to be located in vacuum.

Note: A current density, as the one described in the problem, can be generated in a sudden
separation of charges, e.g., in a nuclear explosion.

The current density for a electric dipole with the strength p oriented along the z-axis
is

J(r) = —iwpzd(r)

Determine the electric and the magnetic fields outside the dipole, i.e., in the region
r > 0. Moreover, determine the power density (Poynting’s vector) in the domain
outside the dipole and the total power P that is propagating through a spherical
surface centered at the dipole. The domain outside the dipole is assumed to be
vacuous (e = p = 1).



Chapter

Spherical vector waves

free, homogeneous, isotropic materials in the spherical coordinate system

(r,0,¢). The reason for this is at least twofold; 1) we aim at developing
efficient tools to solve scattering problems with spherical symmetries, and 2) out-
side the circumscribing sphere of the scatterer, the fields are naturally expanded in
vector waves with spherical symmetries. For this reason, we study solutions to the
source-free Maxwell equations

Tere is a special interest in finding solutions of the Maxwell equations in source-

V x E(r,w) = iknynH (r,w)
nonV x H(r,w) = —ikE(r,w)

in the spherical coordinate system (r,6,¢). The material parameters, explicitly
given by the wave number k£ and the wave impedance 7, are assumed to be constants
(may depend on the angular frequency w). In the general case, these constants can
be complex numbers, but in many applications they are real-valued. This latter
situation occurs when finding solutions outside the circumscribing sphere of the
scatterer in a lossless surrounding material.

We eliminate the field H, and we get
Vx(VxE()-kEr) =0 (2.1)

where, as above, k? = kyeu. This equation is the starting point for the development
of the special solutions that we are aiming at in this chapter.

In Section 2.1, we motivate the particular form of the vector-valued solutions to
the vector Helmholtz’ equation used in this textbook. These solutions — spherical
vector waves — are formally defined in Section 2.2. Some of the properties of the
solutions are analyzed in Section 2.3. The remaining sections in this the chapter
contains some results and consequences that are used in the subsequent chapters.
Specifically, Section 2.5 and The expansion of the electric Green’s dyadic in spherical
vector waves is finally derived in Section 2.7.

31
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2.1 Preparatory discussions

Our goal in this section is to construct a set of vector-valued solution to the Maxwell
equations that can serve as a basis for the construction of more general solutions to
electromagnetic scattering problems.

To find a solution in a spherical region, we utilize the vector spherical harmonics.
They are, see Appendix D.3

7=12,3
A () = A7) [1=0,1,2,3,...
m=—-l,—l+1,...,—1,0,1,...,1 —1,{

The index n is a multi-index that consists of three different indices, i.e., n = 7lm,
where 7 =1,2,3, 1 =0,1,2,..., and m = -, -l +1,...,—1,0,1,..., 0l — 1,1. The
functions are defined and described in Appendix D.3. Their definitions are, see (D.5)

( r) = —1 r 7)) = —1 T)XT
Aun(F) = Z(z+1)V><< Vi) l(l+1)vy””( ) x
SR r r
Ale(T) - l(l T 1) VYim( )
\ A3lm("%) = 'faYim('f)

and with a change in the exponential of the spherical harmonics, see (D.6)

( 1 1
Al (7)) = ——V x (rY] (7)) = ——VY] (#) x 7
) = s ¥ X (1Y) = = VL)
1
Al (#) = ———=rVY] (¢
[ A (7) = 7Y, (7)

For [ = 0 the vector spherical harmonics, Apo(7) = Az0(7) = 0, by definition,
and only Asg(7*) # 0. The vector spherical harmonics are orthonormal on the unit
sphere, i.e.,

// An<'f‘) : dQ // ATlm /l/ ( ) dQ2 = 57,7/5l,l’(5m,m’ = 5n,n’
Q

where the surface measure on the unit sphere €2 is d€2 = sinf df d¢. Other important
properties of the vector spherical harmonics are:

. Tlm('f') T = 1,2 Allm('f') = Azlm(’f‘) X T (2 2)
r X Aglm( ) 0 Aglm(’f‘) =7 X Allm A) ’

More details about the vector spherical harmonics, A,;,(7), are collected in
Appendix D.3. Moreover, every square integrable vector-valued function, F'(7),



Section 2.1 Preparatory discussions 33

defined on the unit sphere has a convergent generalized Fourier expansion in the
vector spherical harmonics

where the (Fourier) coefficients a,, are determined by the integrals

v = [ [ @) Al @) do
Q

We return to the original problem of this section, and suppose the Maxwell
equations are satisfied in a region in space bounded by two concentric spheres of
radii vy < 7y, i.e., in the region ry < r < ry, where the radii 0 < r; < ry < oco. If
r1 = 0, the region is a sphere of radius ro, and if ro = oo, then the region is the
volume outside the sphere of radius r;. To find a solution in this region, we utilize
the completeness of the vector spherical harmonics A, (7*), and expand the electric
field for a fixed radius r; <r <7y as

E(r) = Z {Ufum (1) Avim () + foim (1) Ao () + faim (1) Azin (7) }

The expansion coefficients f,;,, depend in general on r, since we expect different
expansion coefficients for different 7.

Assuming the series converges uniformly in the angular variables, we can differ-
entiate inside the summation sign. We are helped by (D.14) on page 93
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and (2.2), which imply

Vx B(r) = 32 (V% (um () Auin(7) + foin (1) Asion (7) 4 Fon (1) A (7)) )

lm

= Z (f{lm(T)AQZm(lfa) — foum (1) A (7)
Ilm
() A2 ) 5 VI D A7)
— form (1) Aln;l("q) + fam(r \/ (1+1) Alml )

—§:<ﬁm Agy () — L) = S () VD)

o fun(r) a+nAw@0

r

Another application of the curl operator and insertion in (2.1) imply

VxWxE@»—Wﬂﬂ:§:((&&qufMMM

r

lm

_ <(Tf2lm(r)>/ _ fglm(r) l(l - 1)>/ AQZm(’IA“) - MAUWL("%)

- OV = S OVIEE D (g, ) 4 I+ 1) A7)

a+n““)mmu>

— K Z {fllm(r)Allm(’f') + f2lm(7ﬂ)A2lm('fq) + f3im (T)Ai’)lm(f)} =0

Since the vector spherical harmonics are orthogonal, each set of index has to satisfy
(suppress the indices n)

'g(ﬁiﬁm)—w+nﬁm+ﬁﬂmm:
%( G )—r I+ 1) + 22 fy(r) = (2.3)
[(1+ 1)5(7“]”2(7“)) — 1L+ 1) f3(r) + E*r? fa(r) =

We observe that the first function fi;,, does not couple to the other two functions
form and f3p,,,. However, fo,, and fs;,, couple to each other, and they depend on
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each other. In fact, the following relation between f(r) and f3(r) in (2.3) eliminates
f2(r) in the second and third equations:

22 fs(r)
fa(r) = m

since then the equations become

d (rzid_c}n(ﬂﬁ(r))) (4 1)df3( r) 1Ry 2 (7 2f3( ) _ 0

dr dr r r

L)+ Arfi(r) + 2f5(r) — W+ 1) fa(r) + k27’2f3(7“) =

or

PR+ A0 + 2050 — 0+ D) + R R (r) = 0

P2 f3(r) + 4r f3(r) + 2f3(r) = U1+ 1) fa(r) + K202 f(r) =
The first equation in (2.3) is the differential equation for spherical Bessel func-
tions, i.e.,
d? d 2
z ﬁZl( z) + QzEZl(z) +(*=U14+1)Z(2)=0
Details about these functions are listed in Appendix B.2. It is also convenient
to identify the differential equation for a spherical Bessel function times a power,
i.e., Fn(z) = 2"Z(z), where n = 0,£1,42, ... is an integer. The function F;(2)
satisfies, see (B.24)
d? d 9
2 ﬁFnz( z) +22(1— n>£F"l(Z) +(z=Ill+1)4+nn+1)—2n)Fyu(z) =0
From this equation we see that f3(r) = F_q,(kr).
We summarize, the radial functions have to be a combination of

( fum(r) = ji(kr) and/or hl(l)(kr)
 (krju(kr)y (krh (kr))
form (1) = — and /or lk—r

fam(r) = VU1 +1) E{;r and/or +/I( l+1

where the solutions fo,, and f3;,, are tied together. Notice that the prime here
denotes differentiation w.r.t. the whole argument of the functions, i.e., kr. Another
combination used in the scattering formulation of antennas is

( fum(r) = hl(l)(kr) and/or hl(Q)(kr)
(1) / (2) ’
(krh; (kr)) and for (krh;” (kr))
kr kr

h(l)(k
famm(r) = VIl + 1) T and/ r/I( l+1

We are now ready to define two sets of spherical vector solutlons to the Maxwell
equations in spherical regions.

fZZm(T) =
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2.2 Definition of spherical vector waves

Following the results in Section 2.1, we define the out-going, or radiating!, spherical
vector waves, Uy, (kr) as

Wi (k) = BV (k1) Ay (7)

) 2 (o 29
Uglm(k?'f’) = (ZI{A’#A%TR(T) + l(l + ]_) L ( )A3lm(r)
r kr
the in-going spherical vector waves, w.,(kr) as
Wy (kr) = b (k1) Ay (7)
krh®(kr)) W (er ) (2.5)
Woun (k1) = %Amm(ﬂ + I+ 1)~ k:<r )Aglm(r)
and regular spherical vector waves v, (kr) as
’Ullm<k7r) = ]l(lmﬂ)Allm(f')
krg(kr)) . i (kr . (2.6)
’Uglm(k}’r) = MAQZWL(T) + l(l —+ 1>]l( )Aglm(’l”)

kr kr

The regular and in- and out-going spherical vector waves are very similar —
they only differ by the spherical Bessel or Hankel functions. Note that for [ = 0,
w100 (k) = Ua00(kT) = Wigo(kT) = Wago(kT) = Wigo(kT) = Wa0o(kT) = vigo(kT) =
vogo(kr) = 0, so in all cases the indices [ and m assume the following values:

1=1,23,..., m=—L—1+1,...,—1,0,1,...,1—1,1

By construction, both these sets forms a complete set on a spherical surface, and
these sets satisfy
V x (V x up(kr)) = k*u, (kr)
V x (V x w,(kr)) = K*w, (kr) (2.7)
V x (V x v, (kr)) = k*v,(kr)

and
V-u,(kr) =0
V- -w,(kr)=0
V-v,(kr)=0

where we have adopted the multi-index n. Moreover, we find by direct calculations

V% () =) Ao (7) + s ) 22TV E VI D A7)

=kvoy, (kr)

1Below, in Section 2.6, the rational for the name out-going or radiating spherical vector waves
is given.
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and

1
V X vo (k1) = EV X (V X U1 (k7)) = kvym(kr)

This way we have showed that

1
’Ullm(l{T) = EV X ’Uglm(k"r)
1 (2.8)
Vo (k1) = EV X V11 (kT)

and we have an alternative definition of the regular spherical vector waves, v, (kr)

vllm(k:r) = jl(lfT’>A1[m(’IA“>

2.9
Vot (k1) = %v < Gi(kr) Ay (7)) (29)

A similar relation holds for the in- and out-going or radiating spherical vector waves,
and we get

Wi (k) = BV (k1) Ay (7)

1 ) (2.10)
o (k) = 29 (A (kr) Avn (7))
and
Wy (kr) = B (k1) Ay (7)
(2.11)

war (k) = %v < (B2 (kr) Ay (7))

The functions in (2.4)—(2.6) have zero divergence as stated above. These functions
are often augmented by a third spherical vector wave, 7 = 3, that has non-zero
divergence, and therefore do not enter in the expansions of the electric field in a
isotropic, homogeneous region. This type of wave is called the longitudinal (irro-
tational) spherical vector waves, as opposed to the ones defined above, 7 = 1,2,
in (2.4) and (2.6), which are called the transverse spherical vector waves. To make
the list complete, we repeat the definitions above, and get

(Wi (k) = ) (k1) Ay (7)

(krh” (kr))’
kr

h" (kr)

Wom (k) = Agim (7) + /I(T+ 1)

b (kr)

| o (kr) = WY (ker) Agg () + /10 + 1)

(Wi (k) = b (kr) Ay (7)

(krh® (kr)Y R h (kr)
TR M) 4 10+1
kr 2lm(r>+ ( + ) kr
W (k)
kr

W (k1) = Asim (7)

/ . . 1
| waim (k) = by (kr) Agi(#) + V/1(1+ 1) A7) = =V (hgﬂ)(m)ylm(

k

)

<>
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and regular spherical vector waves v, (kr) as

’Ullm(k}’l") = jl (k‘T)AUm (’IA")

Vo (k) = (’”“J;ﬁ# Ao (7) + /1(1 + 1)”557")143%(7%)

W (k) = j1(kr) Agi (7) + /10 T 1)jl§€ir>A2,m(%> _ %v Guer)Yim (7))

and the corresponding spherical vector waves with the vector spherical harmonics
Al (#), viz.
( _ 5D p

U’Lm<kr) - hl (kT)AJ{lm(T)

kerb™ (kr)) ) )
by, k) = P gy i A

| i (br) = 0 (k) AL, () + I+ D= AL (7)

(wl, (kr) = b (kr) AL, (7)

krh® (kr)) ) h) (kr )
why (k) = E I g1y it Al
kr kr
/ R h® (kr R
(k) = 12 (k) AL )+ i D AL @)

Vi (k7) = ju(kr) Al (7)
k) = EEAED) g

v2lm

) + VITT D) 4t (i

kr 2m kr
g R Ji(kr R
vl (kr) = ji(kr) AL (#) + 11+ 1) lgw >A;,m(r)

Note the difference between the dagger, T, operation and complex conjugate, *. We
have for real k values and real angles 6 and ¢

vIL(k'r) = v (kr)
ul (kr) = w (kr) = 20! (kr) — w! (kr) (2.12)
w! (kr) = u’ (kr) = 20! (kr) — u! (kr)

2.2.1 Expansions of the fields
The electric field in a source-free region satisfy
V x (Vx E(r,w) =kE(r,w)

The electric field outside a sphere that circumscribes the scatterer (antennas or
radiating system), therefore, due to completeness of the spherical vector waves, has
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a general expansion

2 oo l

E('f‘,u}) = k’mz Z Z (aTlmlem(kT> + lemuTlTVL(kr))

7=1 =1 m=-1

= kymon Y (anva(kr) + fawn(kr)) (2.13)

n
7=1,2

Notice that the summation only includes 7 = 1, 2, since the electric field is divergence-
less in free space. In general we need an expansion in both regular and out-going
spherical vector waves. An extra normalization factor, k,/no7, is introduced to get
simple power expressions (power normalization) below. Note that the notion )
for this multiple sum extends over 7 = 1,2 and it starts at [ = 1. The expansion of
the corresponding magnetic field then is by the use of Faraday’s law

ZZ Z (ArimO71m (k7)) + frimWrm (k7))
o (2.14)

a(kr) + foug(kr))

H
( inon

n
T7=1,2

where we have introduced the dual index to 7, defined by 1 =2 and 2 = 1, and the
short-hand notation n = {7Im}.

The expansions of the electric and the magnetic fields in (2.13) and (2.14) are the
partial wave or multipole expansions of the fields. Every [, m-term in the sum defines
a partial wave or multipole of degree (I,m). From the alternative representations,
(2.4) and (2.6), we see that the multipole with 7 = 1 has no radial component (7
component), since - Ay, (7) = 0. This 7-index generates a transverse electric (TE)
multipole of degree (I, m). Similarly, 7 = 2 generates a transverse magnetic (TM)
multipole of degree (I,m).

An equivalent expansion of the electric and the magnetic fields outside the cir-
cumscribing sphere of the scatterer (antennas or radiating system) is obtained by
employing the in- and out-going radial combinations instead of the regular and out-
going functions.

E(T‘,W) :kmz Z Z (arlmwflm(kT') + lemuTlm(kT))

7=1 =1 m=-1

:kmz (anw, (kr) + by, (kr))

and
k./
H<r7w 770 ZZ Z QrimWrim /{Z’I") + lemuTlm(kr>)
17]077 7=1 =1 m=-—1
k
= > (anwn(kr) + by (kr))
1

Tom =
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Figure 2.1: The geometry used in the proof of the orthogonality relations in Sec-
tion 2.3.

2.3 Orthogonality and reciprocity relations

The spherical vector waves were defined in (2.9)—(2.11), or (2.4)-(2.6). Ounly 7 =
1,2 are used in expansions in source-free regions. For this reason, we first restrict
ourselves to this case, and, moreover, the wave number £ is assumed to be a real
number. In this chapter, we use, as above, a multi-index n for the indices 7im. The
dual index 7 is defined as i = {7Im}, where, as before, 1 =2 and 2 = 1.

In this section we derive the orthogonality relations for these waves. For the
regular spherical vector waves the relation is:

//{’Unx(VX’UL,)—UIL,X(VXvn)}.f/dS:O’ =12
S

(2.15)

for all closed, regular surfaces S, see Figure 2.1. To prove this relation we apply the
divergence theorem and expand the integrand.

é/{vnx <V><vIL,>—vL,><(V><vn)}.f/d5
—///V.{vnx(vaL,)—fuL,x(van)} dv
_/V//{(van).(vall)—vn(Vx <V><vil,>>

- (v x UL,) AV xv) ol - (V x (V% vn))} dv

:///{—k2vn~vjl,+k2 L,-vn} dv=20
v
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where V' is the volume enclosed by the surface S. Notice that it is essential that the
wave number k is a real number in this derivation. An analogous derivation implies
the reciprocity relation (replace va, by v,/)

/ {v, X (VXxvy)—vy x(Vxwv,)} -0vdS=0, 7 =1,2
i (2.16)

The identities for combinations of regular and out- and in-going waves are derived
in a similar way. If the surface S does not include the origin, » = 0, then, as in the
regular wave case (7,7 = 1,2)

//{””X <vxuiﬂ)_uL'X(VX’lJn)}~1§dS:0
S

0¢V
/ {vl x (V xup) —upy x (Vxol)}-2dS=0
5 (2.17)
and
//{vnx<V><wjl,>—wL,x(van)}-ﬁdS:O
g 0¢V
/ {vl x (VX wy) —wy x (Vxol)}-0dS=0
5 (2.18)

and the reciprocity relation

/{vnx(qun/)—un/X(van)}~19dS:0

S

/{’unx(wan,)—wn,x(van)}~19dS:O 0¢V
S

/{unx(wan,)—wn/x(qun)}-ﬁdS:0

S

for all closed, regular surfaces S not including the origin.

If, however, the surface S includes the origin, the divergence theorem gives (€ is
small enough to ensure that the sphere, r = ¢, lies inside the inscribed sphere of the
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scatterer)

//{vnx(qul,)—ul,x(van)}f/dS
// v, X quL,)—u X(van)} r dS
—k:// vnxu —u , X vy rdS—k// v, - ﬁ, A)—uIL,-('vﬁxf“)}dS

The integral over the sphere, r = ¢, is zero if 7 # 7/, since the integrand is pro-
portional to A, - Ai,l,m,. Orthogonality then gives the result. For 7 =7/ =1 we

have
//{'vnx <quL,) —uL, X (van)}~19d5
s

(ke (ke)) kegi(ke))
= ke Smm {]l(k’e)w B hl(l)(k:e)%}

. i
— k8B { (k)Y (ke) — hl(l)(k;e)jl/(ke)} = b1 Grumt

where we used the Wronskian for the spherical Bessel and Hankel functions
. 1)/ 1 . 1
() = WP (2)fi(2) =
Notice that the orthogonality relation is independent of the value of € as expected.
Similarly, for 7 = 7/ = 2 we have

R 1
// v, X qu )—un (van)}-udSzéll/(Smm/E
In summary, (7,7 = 1,2)
A o dS =5t
//{'vnx<qun/) un,x(van)} v ds (Smk:
s

//{v;xwxun,)_un,x(va;)}.f/dsz w
S

0OcV

(2.19)

if the surface S encloses the origin.
The out-going and in-going waves have an orthogonality relation similar to the
regular one in (2.19).

// U, X wa) w x(qun)}-ﬁdS

/ (1) / .
2 (1) (kehz (kf)) _ (keh; ' (ke)) 2) _ %
= ke“Onn {hl (ke) e e h” (ke) p = —0nn -
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where we used the Wronskian for the Hankel functions

We get

w, X (V x w!, —wT,x(qun) -ﬁdS:—(S,m/—i, 0cV
I o (9 i) } ;
S

//{unx(waiz’>_wL'X(vxun)}—l)dS:(], 0¢V
S

The reciprocity relation for the out-going waves is

(2.20)

/ {w, X (VX upy) =ty X (VXu,} - vdS=0 (2.21)

for all regular surfaces S irrespective if S includes the origin or not. This conclusion
can be made since the integral is proportional to

1) / 1) '
(kehl (l{E)) h;l)(l{I) o hl(l)(k?E) (kehlk (]{6))
€

=0
ke

2.4 Linear independence

A countable, infinite family of functions are linearly independent if every finite subset
is linearly independent. More precisely, the system {¢;} is linearly independent if
for every nonempty subset of {¢;}, say {¢1, ¢2, ..., ¢n}, we have

N
ch(bj =0 = Cj = 0
=1

Lemma 2.1. The family (1) X W.m (k) is linearly independent on LZ(02).
Proof: Consider

DY

7=1 [=0

CrimP (1) X Ury (k) =0, 7 € 9N

ﬁMN

We have to prove that ¢, = 0 for all indices.
In the region exterior to €2 define the function

2 L l
= Z Z Z CTlmuTlm(kT>7 Tc ]Rg \ Q

=1 =0 m=-1

3
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This function satisfies the vector Helmholtz equation and the Silver-Miiller radi-
ations conditions. Moreover, its tangential components vanish on 9€). Due to
uniqueness of the exterior problem w = 0 everywhere outside 2. In particular,
it vanishes on a sphere, Sg, that circumscribes the region ). Orthogonality of the
vector spherical harmonics implies

/ lu(r)|? dS = R k;R)‘
Sr
EL: zl: col? kRO (kR)Y |
Lo L 20ml kR
L 1 2
Z Z |Coomi| 212 (1 + 1) M
Lo Lo 12T kR

Each sum must be identically zero and since the spherical Hankel functions, hl(l)(z)

and (zhl(l)(z))’ , have no real zeros, see Lemma B.1 on page 77, and we conclude that
cr1m = 0 for all indices. O

2.5 Expansion of a plane wave

The incident field is commonly taken as a plane wave, which is a well defined vector
field everywhere in space. Therefore, the plane wave has an expansion in terms of
the regular spherical vector waves v, (kr), i.e.,

Ei(r,w) lkk "= ZZ Z CL7—lm’v7'lm kr

7=1 =0 m=-1

The expansion coefficients a,;,, can be computed (see Problem 2.3).

aym = AT AL, (k) - By = 47l AL, (K;) - <k X EO)

s = A AL () - By = 4xi A (k) - (ks x o) (2.22)

1im

A3im — —47Til+1A;£’lm(k)i) . E()
The first two are conveniently collected into one expression

I+1— TAT

Tlm

(I%I)EQZZ_L (- 1+TAT

Arim = 4mi Flm

(k) - (k; x EO) . r=12 (2.23)

The plane wave has to satisfy the Maxwell equations, which implies that the
complex vector Ey and the direction of the plane wave k; have to be orthogonal,
1.€.,

~

Eo'ki:O
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Directly, we notice as, = 0 in the expansion, since Agn(’%i) is proportional to I%i, and
consequently the summation in the 7-index is only over 1 and 2. An alternative way
of expressing this condition is to require that the plane wave has zero divergence.
Since only 7 = 1,2 contribute to the sum, the /-summation starts on l =1 ({ =0
gives no contribution), i.e.,

Ei(r,w) = Eee™®™ =3 a,v,(kr) (2.24)

n

~

In particular, if the incident direction is along the positive z-direction, i.e., k; =
z, we get, see (D.9)

1t = 170z /(20 + D7 (& F 19) - B
gt = F1 6/ U+ D (2 Fig) - By ki =2 (2.25)

azm =0

2.6 Far field amplitude

The radiated field has its sources inside the volume V. Outside the circumscribing
sphere of the volume V', radius R, the radiated field has an expansion in out-going
spherical vector waves, i.e.,

E(r,w)= k\/nTZZ Z frimWrim (k7)) = k\/nTZ foun(kr), r>R

7=1 =1 m=-1

(2.26)
Note that the sum is over 7 = 1,2 and that the [-sum starts at [ = 1, since only
7 = 1,2 contributes. The corresponding magnetic field has the expansion

2 00
k
H(r,w) = Z Z Z FrimWsim (kT) a(kr), r>R
RVALL i —
These expansions satisfy the radiation conditions, which are
as r — 0o

(7 x E(r)) — nonH (r) = o((kr)™")
non (7 x H(r)) + E(r) = o((kr) ™)

To see this, evaluate the spherical Hankel functions, hl(l), for large arguments
(kr > 1), see Appendix B.2
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and at a large distance from the origin, the out-going spherical vector waves are
approximated as

ikr
U'Tlm(kr> - l—l S ek ATZWLOAQ) + O((k?”>_1), T = 17 2
r
Note that this approximation only holds for 7 = 1,2, which are the appropriate 7-
index of the electric and the magnetic fields. The fields in the far field zone therefore
to leading order are

E(r, \/nT Z T £ A (P) + o((kr) )

1 1k'r

ST AG(E) + o (k) )

We use (2.2), and we get

rx E(r,w) = \/nT Z A +o((kr)™)

1 1kr

DTS ALE) - ol(k) )

rx H(r,w)=— =

From these expressions we see that the radiation conditions are fulfilled, e.g.,
(7 x E(r)) —nonH(r)
1kr
= /o7 Z - TfhA \/770

=o((kr)™), asr— o0

Z T fuAn () + o (kr) )

and similarly for the other combination.
The general expression of the far field amplitude therefore becomes

= ion Y _1THT L AR (2.27)

where
eikr
E(r,w)=

F(7)

r

For a given far field amplitude F'(7), the coefficients fy;,, and fo, are determined
by the completeness of the vector spherical harmonics. We get

l+2 T

VT

frim = / F(r)- Al (#) dQ
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2.6.1 Power transport

The orthogonality relations derived above is useful in the evaluation of the radiation
out of a sphere containing the origin and the scatterer. The electric and the magnetic
fields are

E(r,w) =kynon Y _ (anvn(kr) + fuw,(kr))

LS (00 X v (k) + £u5 X (k)

H(r,w)= =

and the radiated power is
1
P:§Re//{E><H*}-1>dS
s
k
=-3 Zlm // {(anvy + fouy,) x (a),V x vy, + fr,V xuy,)} -0 dS
nn’ 15

There are three types of terms in this expression. The first one is, use (2.12)

QImZan //vn (V xv) -0 dS
:_12% // v, X V><v>—v x(van)) v dS =0

due to the orthogonality relation (2.15). The second type is analyzed in an analogous
manner.

QImen //un (V x ub) - dS
:—1an // u, X wa> w! X(qun)>~19d52—%2|fn|2

using (2.20), since the origin is included. The final term is, using (2.19)
2Im2fna;§, //un x (Vxwvr,) vdS
nn’ g
+21mzanf;;,//vn X (V x ) -0 dS
:—iana;;,// <un X <V><v1l,> —UL, X (qun)) v dS
nn/ s

+iZf;an/// (Wl x (V xvy) —vp x (Vxw))) »dS
nn' S

= _ % (frar + fra,) = —% ; Re (fna;,)

n
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Finally, we get
1

P = 52 (1fol? + Re (fnal)) (2.28)

n

2.7 Expansion of the Green’s dyadic

In this section, we develop an expansion of the Green’s dyadic of the electric field
in free space in terms of spherical vector waves.

2.7.1 Green’s dyadic of the electric field in free space

In this section we investigate the electric Green’s dyadic G, in free space as an
expansion in spherical vector waves. We assume the wave number £ is a real number.
This dyadic satisfies (1.53) on page 28

V x (V x Ge(k, |7 — 7)) — K*Ge(k, |7 — 7'|) = I5(r — 7') (2.29)

with the appropriate radiation conditions.

For a fixed value of 7', and each fixed vector a, G.(k, |r —7'|) - a is a function of
r in the domain r > r’ and this vector field satisfies the radiation conditions. This
function can, of course, be expanded in the vector spherical harmonics on the sphere
r = constant > . Since the Greens’s dyadic satisfies (2.29), G¢(k, [r — 7’|) - a, as
a function of » for r > 7/, has an expansion

G.(k,|r—7|) - a= Z an(r ), (kr), r>r (2.30)
7':711,2

Notice that only the indices 7 = 1, 2 are relevant since G, (k, |r—7'|)-a is divergence-
free. The expansion coefficients a,, are unknown and have to be determined. This
is done by the orthogonality relations in Section 2.3.

Let V' be a volume with an inscribed sphere, centered at the origin, that encloses
r’. For all points r on the bounding surface S we then have r > /. Evaluate the
following surface integral, where A(r) = G.(k,|r — r'|)-a and 7/ = 1,2

//{(f/xvil)-(VxA)—i—(f/x(vaL))~A}dS
:/ [v] % (Vx A)+ (V xl) x A} - & dS
:7//v.{v;x(vaH(va;)xA}dv

:/J/{(VXUL)~(VXA)—UL'£VX(Y(XA>Z

=k2A+ad(r—r')

+(V><(vaL)).A—wva).(vXA)} dv

J/

-~

:kQUJLI
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We get
J[ 16 x ) (7 4) 4 0 (v x ) - 4) as

s
——///vi-a&(r—r’) dv=—vi(r') a
1%
since v’ € V.

Insert the expansion (2.30), and we get
vL,(kr’)-a:— an // qun)—l—(f/x(vaL,))-un} ds
=12
Use the orthogonality relation (2.19) and we get
ikv! (k') - a = a, (1)
From (2.30) we have
G.(k,|r —7'|)-a =ik Z w, (kr)v! (k') - a, r>r (2.31)
=12
for all constant vectors a. This implies that
G.(k,|r —7'|) =ik Z w, (kr)vl (kr), r>r
=12

Since G, is a symmetric dyadic, we have

Go(k,|r —7'|) =ik Z vl (kr)u,(krs) =ik Z w, (krs)v k:r<) r#r

7'71,2 7'71,2

(2.32)
where 7~ (r-) is the position vector with the smallest (largest) distance to the
origin, i.e., if r < r’ then - = r and r~ = r’. The dagger can be equally well be
on the outgoing spherical vector wave by a similar derivation, i.e.,

G.(k,|r —7'|) =ik Z v, (krul (krs) = ik Z (kr<)v,(kro), r#r

n
7=1,2 T= 1 ,2

2.7.2 Full Green’s dyadic in free space

It is also interest for us to expand the full Green’s dyadic G in free space in spherical
vector waves. The definition of the Green’s dyadic is
eik\r—r’|

G(k —p = Tog(k — 9! R |
< 7‘7' TD g( 7’7" T|> 47_‘_|,r_,r/‘
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and it is related to the Green’s dyadic of the electric field G by (1.54)

1
G=G.— EVVQ

An expansion of the scalar Green’s function in terms of scalar spherical waves can
be obtained using similar derivation as in Section 2.7.1. The result is

gk, |r —7'|) =ik Z (kr uy(krs) = ik Z v (kr )ul (krs), r#r

where

{ Un(k7) = by (k1) Yo (7)
(k1) = ji(k7)Yi (7)

This result is used to rewrite VVg as

VVg(k,|r — | 1/<:va (krJun(krs) = =ik Y "ol (k' u, (kr), v #10'
7'23

where we have used the third type of spherical vector waves, 7 = 3, defined as

Wy (k1) = kV(h (kr)Yin (7))

(2.33)
Vst (k) = EV(jl(kr)Ylm(fi“D
Thus, we have
G(k,|r —7')) =ik Z kr Huy,(krs) = ik Z w, (krs)vl (kr.)
T-l,?,d T= l ,2,3
= ik Z v, (krul (krs) = ik Z T(krs)v, (kre), r#r
T:ﬁ2,3 T:1,2,3

Problems for Chapter 2

2.1 Show that the longitudinal wave, 7 = 3, in (2.33)
_lo(pm ;
wsin (k) = 2V (") (k) Vi (7))

vaim (k) = 19 (k) Yim (7))

also can be written as

M) (.
st ) = B (5r)) A7)+ VITF ) A
s () = 1)) Agin () + VT D2 A7)
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*2.2 Show the following vector identities for the vector spherical harmonics A jp,:
/ A (#)F T AQ = Aty (k1) A (k) = dmi 010 (Kr)

47Til+1

/ Agp (P)eFT dQ = — Vi x (jl(kr)Allm(I%)> = —4mi vy, (kr)

47Til+1

/ A ()R 40 = — Al (jl(kr)Ylm(fe)> = it Lo, (kr)

where k = kk and 5

Ok,

0
Ok

A
Oky

2.3 Show that a plane wave Eoeikk'r has the following expansion in regular spherical
vector waves vy, (kr)

ikk-
=SS S )

=0 m=—IlT1=1

where R
aym = 4ril AL, (k) - Eq

aglm = 47r1l+1A;lm<i<:) : EO

azim = 47r1l+1A:];lm(l%) -FE

Hint: Use the result of Problem 2.2.
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Appendix

Vectors and linear transformations

transformations (dyadics) of vectors, and how these are represented in terms

of their components. Transformations between different rotated coordinate
systems are also reviewed as well as the corresponding transformation of the com-
ponents of a dyadic.

This appendix contains a short overview of the concept of vectors and linear

A.1 Vectors

In this textbook we denote vectors in italic bold face, e.g., w. Vectors are in general
functions of space and time coordinates, i.e., u = u(r,t), but in this appendix these
variables are suppressed since they are not essential for the analysis. A vector that
depends on the space and time coordinates is called a vector field.
In a particular Cartesian coordinate system (é1, €;, €3) the representation of a
vector u is !
U = eju; + esus + e3us

A “hat” or caret () over a vector, e.g., €1, denotes that the vector has unit length
(unit vector). The components of the vector, u;, are obtained by the scalar product
The components of the vector are often written as a column vector.

Uy
[u] = | u
us

In this textbook we use brackets around the vector, [u], to indicate that we refer to
the components of the vector in a particular coordinate system and not the vector
u itself. Notice that the vector u is geometric quantity, which is independent of

'We assume the unit vectors (basis vectors) (&1, és,€3) are orthonormal and right-hand ori-
ented.

53
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u,

Figure A.1: Projection of a vector w in a component, u,n, along the direction n
and a component, u |, perpendicular to this direction.

coordinate system. The coordinate representation, [u], on the other hand, depends
on the coordinate system we use to represent the vector in, i.e., the components are
different in different coordinate systems, but the vector itself remains the same.

In wave propagation problems, the vectors are decomposed in its components
along a given direction (usually the direction of propagation) 7, and a component
lying in the plane orthogonal to the direction n. We denote this decomposition or
projection of a vector w as a sum of two parts w, and u,, see Figure A.1

uU=1u; +u,n

where

—n(u-n)=-nx(nxu)

by the use of the BAC-CAB rule, a x (b x ¢) =b(a-c)—c(a-b).

A.2 Linear transformations, matrices and dyadics

Often, we have to deal with linear mappings from one vector field to other vector
field, 7.e., mapping of a vector u to another vector v — both in general functions
of the space and time coordinates r and t. The most simple type of linear transfor-
mation is
v=a(b-u)
~——

scalar

The vector w is here mapped to a new vector v in a new direction along the vector
a. The scaling of the vector is made with the vector b by the scalar product b - u.
This mapping is a called a (simple) dyadic, and we use the symbol ab for this
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transformation, together with the dyadic product (either with or without parenthesis
around the transformation ab) defined as

v:(ab)-u:ab-ud:efa(b-u)

Note that the vectors a and b in the transformation ab are forming a new quantity
without any signs between the vectors. The components of the vector v are

3
Ui:CLZ‘ijUj 121,2,3
j=1

Simple dyadics can be used as building blocks for general linear transformations
of vector fields. The sum of two dyadics, e.g., A = a1b; + asb,, is a new dyadic
defined in the following natural way:

v=A -u=(ab; +abs) u=ab -u+ab; u

Note that the linear transformation (dyadic) A is written in roman bold face to
distinguish the quantity from the vector A (italic bold face).

In a specific coordinate system (&1, €z, €3) we represent the general linear trans-
formation A from a vector field u to another vector field v by simple dyadics e;é;,
i,j=1,23.

3
ij=1
The action on a vector field « becomes

3 3
def ~ ~ N
v=A u= E eiAij (Ej . ’U,) = E e,»Aijuj
i,j=1 h,j=1
or in its components

3
Ui:ZAijuj 221,2,3
j=1

The component representation of the linear transformation or dyadic A is repre-
sented by a matrix

A A A
[A] = | Asr Ay Agg
Asp Agy Asg

Just as with vectors, we denote the matrix of the dyadic A by enclosing the dyadic
by brackets, i.e., [A], to distinguish the coordinate representation of the dyadic
from the dyadic A itself, which is independent of any coordinate representation.
This convention is similar to the one we use for a vector w and its coordinate
representation [u].
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By the notion u; = Z;’Zl Ajje;, i =1,2,3, we see that the general linear trans-
formation A always can be written as

A =ejuy + esuy + esug

which shows that three dyadics is enough to represent a general linear transformation
or dyadic.

So far, the action of vector, u, on a dyadic, A, has been from the right by a
scalar multiplication. However, some of the advantages with the dyadic notation are
seen if we let the action take place from the left. This action leads to the transpose
operation. To this end, make a scalar multiplication from the left, that gives a new
vector field v defined by, see (A.2)

3
def “

3 3
v=u-A= (ei . U) Az’jéj = E éinjUi = E U;W;
i=1

ij=1 ij=1

or in component form
3
V; = E Ajiuj 221,2,3
J=1

We observe that a scalar multiplication from the left gives the transpose of the
matrix [A]. This operation defines the transposed dyadic, A’.

def
v=Alu=u-A

and
[A"] = [A]'
In particular,
ur- (A ug) = (U A) - ug = uy - (A" uy)
for all complex-valued vectors w; and wu».

The inverse dyadic, A~!, of a dyadic A can be defined as the matrix inverse of
its matrix representation in a specific coordinate system, i.e.,

1 All A12 A13
[A_l] = [A]i = A21 A22 A23
A31 A32 A33

-1

if the coordinate representation of A is

Ay A Agg
[A] = | Ay Ay Asg
Asp Asy Asg

Similarly, we define the (complex) conjugate of a dyadic, A*, and its conjugate
transpose or Hermitian transpose, A, of a dyadic A by the coordinate representa-
tions
Al Al Al Al Ay Ay
(A= [A]" = (A5 A5 A | [AT=[A) = | AL A5 A
Ay Ag Al Alg Ajy Al
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We find that AT = A** = A™. A dyadic is called symmetric (Hermitian) if A = A
(AT = A). If the dyadic satisfies A = —A (AT = —A), the dyadic is called anti-
symmetric (anti-Hermitian). A general dyadic can be decomposed in a symmetric
(Hermitian) and an anti-symmetric (anti-Hermitian) part as

A=A +A, (A=Ay+A.p)

where ] ]
As:§(A+At) AHzé(A—FAT)
1 1
A, =3 (A-A) Aa_Hzi(A—AT)

Similarly, a complex-valued dyadic can be decomposed in its real and imaginary
parts as

A=A, +1iA;
where ]
_ - T
Ar=5 (A+AT)
1
_ _ AT
A1_2i (A A)

Notice that both A, and A; are Hermitian dyadics, and that the off-diagonal ele-
ments of A, and A; in general are not real numbers (the diagonal elements are).
For any u € C3
Re{u"-A-u}=u"-A,-u
Im{u*-A-u}=u"-A;-u
Analogously, the vector product between a vector field w and a dyadic A is

defined.

3
B:AXud:efZéiAij<éj XU)
ij=1
The vector product can also be applied from the left. We get

3

t,j=1

A.2.1 Projections

Projections of a vector w on a plane with unit normal vector n is a linear mapping
with a dyadic, see (A.1)
u, =u—nn-u)=1, -u

where the projection dyadic I, is

I, =1I;—nn
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In the same manner, an arbitrary dyadic A can be decomposed into components
parallel and perpendicular to a given fixed direction n. We obtain this decomposition
by employing I3 =1, + nn

v=A-u=I_+nn)-A-I, +nn) u
This decomposition implies that every dyadic A can be written as:
A=A,  +nA, + A n+nAi,n (A.3)
where we introduced the notation

I

A, =n-A-1,
A =1,-A-n
Amm=m-A-n

Note that the dyadic A, | is a two-dimensional dyadic (mapping vectors in the
plane with normal n into the same plane). Similarly, the vectors A, and A, are
two-dimensional vectors, and A,,, is a scalar. If we let the direction m be the unit
vector é3, we obtain the coordinate representations of these quantities (we use the
index 3 instead of n)

A A 0 Az Az
[A; |]= A Axn O [A] = [ A [As] = [ Az
0 0 O 0 0

Such a decomposition is proved useful in the analysis of wave propagation in planar
structures.

A.3 Rotation of coordinate system

Several textbooks deal with rotations in space, e.g., the excellent book by Kuipers [8],
which also contains the concept of quaternions and its connections to rotations in
R3. For details we refer to these textbooks.

Two coordinate systems (&, €, €3) and (€], &), &), both orthonormal and right-
hand oriented, share the common origin. An example of two such systems is depicted
in Figure A.2.

Since the unprimed unit vectors form a basis, each of the primed unit vectors
(&), &), e3) can be expressed as a linear combination of the unprimed unit vectors
(é1, €, €3). We have

N ~ N ~
e, = eja; + ezas + ezass
N A~ A~ A~
€5 = €1021 + esa99 + €3a93
N N N ~
€; = €e1a31 + €2a32 + €3a33

or

3
N N .
€, = E €05 1 = 1, 2, 3
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Figure A.2: Two rotated coordinate systems (&j, e, €3) and (€}, €5, €;) with a
common origin. The original is shown in black and the rotated in red.

Since we have assumed that the unit vectors (€}, &), é3) and (&, és,e3) both are
right-hand oriented, the determinant of the matrix [A], with entries a;;, is 1, i.e.,

det [A] = 1.

The components a;;, 4,7 = 1,2,3, are the direction cosines? between the axis i
and j.

(lij:é;'éj Z',j:]_,2,3
In general, we have
é;éjza”%aﬂ:é;éz i,j:1,2,3

Similarly, the unprimed unit vectors e; can be written as a linear combination

of the primed ones (&}, &, €3). We get
e = e (é'l -éi) + €, (élg-éi) + & (ég-éi) 1=1,2,3

or expressed in the direction cosines a;;

~ Al N A~

€1 = €e1aq1 + eya91 + e3a3;
~/ ~/ ~/

€y = €012 + €5092 + €3032

N N N
€3 = €113 1 €5a23 + €30a33

In short

3

A~ A~/ .

€e;, = E ejaji Z:1,2,3
Jj=1

. . N ~
2Also given as a;; = cos(x;, xj) where (z;, ;) is the angle between €, and &; axes.
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From these expressions we see that if the transformation ; — &} is made with iy
then the transformation €, — &; is made with a;;. The matrix [A] therefore is an
orthogonal matrix, i.e., [A]"' = [A]".

We are now ready to give the formal definition of a vector. A vector u is a
geometric quantity with components (u,ug,u3) in the system (&, és,é3), which
are related to the components (u}, u}, u3) in the system (&7, €,, €3) by the direction
cosines, a;;, t,7 = 1,2, 3, in the following way:

3
up=> aju;  i=1,2.3 (A.4)

=1

or expressed as column vectors and standard matrix multiplication

Uy 11 G122 413 Uy
/

Uy | = | @21 QA22 Q23 U2
/

Us 31 Aazz ass U3

Definition A.1. A physical quantity w which components u; and w in two rotated
coordinate systems, respectively, are related to each other by (A.4) is called a vec-

tor3.

This definition implies that for every vector u we have

3
N N N, § : 2N
=1
3 3
N ~ ~ ~ ~
= E a;;u;e; = E uje; = eju + ésus + esus
i,j=1 7j=1

By this definition every vector becomes a quantity which is independent of the
coordinate representation, just as we required in the beginning of this appendix.
In a similar way, we define a dyadic (or a tensor of the second kind).

Definition A.2. A physical quantity D which components Dy; and Dj;in two rotated
coordinate systems, respectively, are related by

3

Dj; =Y agapDy  i,j=1,2,3
k=1

1s called a dyadic. This relation can also be expressed as similarity transformation

[D]' = [A] [D][A] (A.5)

3 A vector is also called a polar vector which distinguishes it from an axial vector which trans-
forms by (A.4) where det [A] = —1. If the vector depends on the space coordinates, i.e., u is a
vector field, then also the space coordinates are transformed as

3
u;(m&,xé,xé) = Zaiju]'(ﬂfl,xg,xg,) 1= 15273

j=1

where z, 24, 2% and x1,x9,x3 are the components of the position vector in the primed and the
unprimed systems, respectively.
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"

€

Figure A.3: Definition of the three Euler angles o, § and ~. The first rotation has
red coordinate axes, the second rotation blue ones, and the final rotation has green
coordinate axes.

A.3.1 Euler angles

The two rotated coordinate systems, (é;, s, €3) and (€], &, €;), are related to each
other by the direction cosines. These relations can also be expressed in an alternative
way by the three Euler angles «, 3, 7v. These angles are defines by three consecutive
rotations, see Figure A.3. The three rotations are explicitly given by:

1. A rotation with the angle o around the ez axis

2. A rotation with the angle 3 around the &; axis

3. A rotation with the angle v around the &} axis

The three different rotations are represented by the following matrices:

1. The first rotation is represented by

cosa  sina 0
[Ri]= [ —sina cosa 0
0 0 1

2. The second rotation is represented by

cosf 0 —sing
Rs] = 0 1 0
sinf 0 cosf

3. The third rotation is represented by
cosy siny 0
R3] = | —siny cosy 0
0 0 1

In total, the rotation is made by

[A] = [R:%] [RQ] [Rl]
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Figure A.4: The angles of rotation 6 and ¢. The unit vector &, lies in the &;-&,-
plane in this figure.

In this textbook, we are often using similarity transformations of linear trans-
formations (dyadics). These are made by a rotation matriz [R] consisting of a com-
bination of two rotations. The spherical angles # and ¢ are defined in Figure A 4.
The relation between these angles and the Euler angles o, 5 and ~ is:

a = 9, g=0, =0

We get
cosf 0 —sinf cos¢ sing 0
R|=[Rs][R4]=| 0 1 0 —sing cos¢ 0
sinf 0 cosf 0 0 1
. . (A.6)
cosfcos¢ cosfsing —sinf
= sin ¢ —cos ¢ 0
sinfcos¢ sinfsing cosf

A.3.2 Quaternions

Quaternions are useful in representing rotations in R?, and they are an extension of
the complex numbers. An excellent introduction of the quaternions are found in [8],
and here we only give a short summary of their use.

Introduce the hyper-complex numbers of rank 4, which also is called the quater-
nions. These numbers were introduced 1843 by Hamilton? to generalize the complex
numbers.

4Sir William Rowan Hamilton (1805-1865), Irish physicist, astronomer, and mathematician.
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We start by introducing an orthonormal basis i, j, k, in R? together with the
following multiplication algebra:

PP =2 =1 = ijk = -1

ij=k = —ji
e (A7)
jk=1i=—-Kkj
ki=j=—ik
Notice the similarities with the multiplication rule for complex numbers i = —1.

A quaternion ¢ is a 4-tuple of real numbers, i.e.,

q= (CIO,CJ1,C]27Q3)

The first entry qq is called the scalar part of the quaternion and the remaining three
are called the vector part of the quaternion. We adopt the notation

q =iq +jg2 + kg3

and we write
q=qo+q=qo+iq +jg + Kkqgs

We see that it is possible to identify real vectors in R?® with quaternions with zero
scalar parts. Such quaternions are called pure quaternions, i.e.,

gcR® < ¢=0+ q (pure quaternion)
Let ¢ and p be two quaternions, i.e.,
¢q=q+q, p=po+Pp
The quaternions are equal provided ¢; = p;, © = 0,1, 2, 3.
We define addition of two quaternions as
q+p=p+q=q+p+p+q
Multiplication of two quaternions is more complex, and we use the product rules

in (A.7).

pq = (po + ip1 + jp2 + kps)(qo + ig1 + jgo + kas)
= po(qo +iq1 + jgo + kgs) + ip1(qo + iq1 + jgz + kgs)
+ Jp2(qo + iy + jgo + kags) + kps(qo + ig1 + gz + kqs)

The scalar part of this product is

Poqo — P191 — P2q2 — P3q3 = Pogo — P - q

The vector part of this product becomes

po(ig1 + g2 + kgs) + p1(igo + kg2 — jgs)

+ p2(jgo — ka1 +1ig3) + ps(kqo + jq1 — ige)
= poq + qop + i(p2g3 — p3q2) +j(P3qr — p1g3) + k(p1g2 — P2qu)
=Ppog +qp+PpPXxXq
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The product pg therefore becomes

Pqd=Dpodo—P q+Dogd+ @P+PXq (A.8)

In particular, the product of a quaternion ¢ and a pure quaternion v (vector in R?)
is
v =1(0+q)(0+v)=—-q v+qv+gxv (A.9)

Two more concepts are useful. The complex conjugate of a quaternion ¢ =
o+ q = qo + ig1 + jgo + kg3 is denoted ¢* and defined as

¢ =q—q=qo—iq — jg2 — kgs
From (A.8) it is easy to prove that

* %k

(pg)* =4q'p
Moreover, the norm of a quaternion ¢ = ¢y + @ = qo + ig1 + jg2 + kg3 is denoted
lg| and defined as
lal = Varq
This definition makes sense since, using the product rule (A.8), we have
7¢=(0-a)w+a) =a¢+9 9+~ 90g—q%a=q+|q
which always is a non-negative real number, and

9q" = q; + |q|?

1

The inverse of a quaternion ¢ is denoted ¢~ and satisfies

e =¢  q¢'q¢t =¢
~~
lq|? lq|?
This implies
1 q
q =
|q|?

Notice the similarities with the complex numbers 271 = 2*/|z|?
To connect to a rotation of a vector v in R?, we evaluate

*

quq" = (—q-v+qv+g xv)(q —q)
=—qq v+ (qv+gxv)-q+(q-v)q
+ qo(qov + g X v) — (@ov + g X v) X q
=2(q - v)q + qolqv + 2 x v) — |q[*v
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where we have used (A.9) and the product rule (A.8). Notice that qug* is a pure
quaternion and therefore is associated with a vector v’, i.e.,

/

v' = (g — lgI*)v +2(q - v)q +290g x v
We conclude that L,(v) = quq* is a linear mapping on R3.
We specialize to ¢ = cos(0/2) + ésin(f/2), where 6 € [—m, 7] and é is a real unit
vector. The result is
v’ = cos fv + 2esin*(0/2)(é - v) +sinfée x v
The norm of this vector is
[v'|? = cos? O|v|* + 4(cos @ + sin?(0/2)) sin®(6/2) (& - v)? + sin? 0 |& x v|?
N - 7/ N’
(14+cos 0) /2=cos2(6/2) [v]2—(ewv)?
= |v|? +sin*f(e - v)? —sin? (e - v)* = |v|?

and if we let v = & we obtain

qeq* = 2ésin*(0/2) +cosfe =é
cos2(6/2)—sin%(6/2)

We suspect that the mapping qug* with ¢ = cos(6/2) + ésin(6/2) represents a
rotation of the vector v to v" with rotation axis €. We now prove that this is the
case, and determine also how large the rotation angle is. To this end, decompose
the vector v = (€-v)é+ u, where u = v — (€-v)e is orthogonal to €, i.e., u-& = 0.
We get

v' = Ly((é-v)é)+ Ly(u) = (é-v)ée+ cosbu +sinhée x u

~\~
ul

since L,(e) = e. This proves that the rotation is 6 in the positive é-direction, see
Figures A.5 and A.6.

Example A.1
Let & = (1,1,1)/4/3 be the axis of rotation and rotate the angle § = /3. Then the
appropriate quaternion is

1 1 1 1
q =cos(0/2) + ésin(6/2) = 5Tl itk

The rotation of the vector v =i then is

1 1
Lq(i):qiq*:Z(l—{-i—l—j—l—k)i(l—i—j—k):1(1+i+j+k)(i+1—k+j)

:Z(1+1—k+,]—1+1+J+k—k+,]—1—1+,]+k+1—1):J

|
Two consecutive rotations with angles a and  around a common axis € is a
single rotation around e with angle a + . In fact, the appropriate quaternions p
and ¢ are
p=cosa+esina, ¢=cosf+esinf
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Figure A.5: The decomposition of the vector v.

Figure A.6: The plane of rotation.

and the product is

P4 =pogo — P q+pog+qp+pXxq

= cosacos 3 — sinasin § + (cos asin 5 + cos fsina)é

= cos(a + () + esin(a + B)
which proves the statement.

This observation generalizes to two arbitrary rotations as seen from the following
analysis
Ly(w) = pwp®,  Ly(v) = qug”

The product then is a single rotation quantified by the quaternion pgq, i.e.,

Ly(Lg(v)) = pLy(v)p* = pqog™p”" = pqu(pq)* = Lye(v)

Now when we know that two consecutive rotations can be expressed as a single
rotation, the appropriate question is: What is the common axis € and angle of
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rotation 6 for a product of two consecutive rotations, axes a and b and angles o and
B? We have®

cos(6/2) + esin(0/2) = qep = 43, s%a.0
= (cos(/2) + bsin(3/2))(cos(a/2) + asin(a/2))
= cos(3/2) cos(a/2) — b - asin(S/2) sin(/2)
+ acos(B/2) sin(a/2) + bsin(8/2) cos(a/2)
+ sin(3/2) sin(e/2)b x @

Identify the scalar and vector parts:
6 = 2 arccos (cos(ﬂ/Q) cos(a/2) — b - asin(8/2) sin(a/2))
and
&= {dcos(ﬁ/?) sin(a/2) + bsin(B/2) cos(a/2)
+sin(8/2) sin(a/2)b x a} /sin(6/2)

These two equations quantifies the angle of rotation and the axis of rotation uniquely.

In the beginning of Section A.3, we showed that rotations can be quantified as a
3 x 3 orthogonal matrix [R]. We have in this section learned that the same rotation
can be quantified by a quaternion ¢. In fact, any orthogonal matrix [R] can be
identified with a quaternion ¢, and vice versa. The result is

2@ +q}) -1 2(q2 + qoa3)  2(q193 — Qoge)
R] = [ 2(q1g2 — q0a3) 2(¢5+a3) — 1 2(q2q3 + qoq1)
2(1gs + 90q2)  2(q2q3 — qoq1) 2(q3 +¢3) — 1

and for the inverse

( Tr(R)+1
=y
_ Ra3 — Rap

1 = 100
Rz — Ry

2 = 40
- Ry — Ro

\ qs = 40

5To clarify the axis of rotation and angle of rotation, these data are added to the quaternion
as a subscript.
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Appendix

Bessel functions

cially in problems showing axial or spherical symmetries. This appendix collects
some useful and important results for the solution of the Bessel differential equa-
tion. Moreover, the modified Bessel functions and the spherical Bessel and Hankel

functions are presented. Additional results and some of the derivations are found in
e.g., Ref. 1.

! n wave propagation problems the Bessel differential equation often appears, espe-

B.1 Bessel and Hankel functions
The Bessel differential equation is

2
z2%Zn(z) + Z%Zn(z) + (22 = n*)Z,(2) =0 (B.1)
where n is assumed integer?.

There exist two linearly independent solutions to this differential equation. One
is regular at the origin, z = 0, and this solution is the Bessel function J,(z) of
order n. The argument z is a complex number. These solutions are often called
cylindrical Bessel function of order n, which stresses the affinity to problems with
the axial symmetry. The Bessel functions J,(z) are defined real-valued for a real
argument z. An everywhere in the complex z-plane convergent power series is

= (=1)* 2\ nt2k
Jn(z) = ; PTCRT (5) (B.2)

We notice immediately that J,(z) is an even function for even n and odd for odd n,
1.€.,

1A more general definition with e.g., complex-valued n is also possible, but the expressions and
the results often differ.

69
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Root j
Order n 1 2 3 4

0 2.405 | 5.520 | 8.654 | 11.79
3.832 | 7.016 | 10.17 | 13.32
5.136 | 8.417 | 11.62 | 14.80
6.380 | 9.761 | 13.01 | 16.22
7.588 | 11.06 | 14.37 | 17.62

=W N

Table B.1: Table of the roots &, to J,(2).

A commonly used integral representation of the Bessel functions is

1 2w

:% ;

1 ™
Jn(2) = —/ cos (zsint — nt) dt
0

eizcostein(tf%w) dt (B3)
™

From this integral representation, we see that the Bessel functions for positive and
negative integer orders, n, are related to each other.

Toa(2) = (=1)"Ju(2)

The power series representation in (B.2) implies that for small arguments we

have
T(z) = (2) + o)

Tl \2

For large arguments hold (—7 < arg z < m)

Jn(z) = (£>1/2 {Pn(z) cos (z B %) — Qn(z)sin <Z - - E)}

T2

where the functions P, (z) and @Q),(z) have the following asymptotic expansions (v =
4n?)

v—1)w=-9) (¥-1)(r—-9)(v—25)(v—49)
H TS 41(82)* Y
v—1 (wv-=1)(v—-9)(v—25)

8z 31(82)3

(B.4)
Qn<z) ~

The roots of the Bessel function J,(z) are all real, and the first roots, &,;, are
listed in Table B.1. The derivative of the Bessel function J,(z) has also only real
roots, 7,;, and the first ones are listed in Table B.2. Larger roots (larger j values)
are asymptotically given by

€= jmt 1\ m _ i 3\
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Root j
Order n 1 2 3 4

0 3.832 | 7.016 | 10.17 | 13.32
1.841 | 5.331 | 8.536 | 11.71
3.054 | 6.706 | 9.970 | 13.17
4.201 | 8.015 | 11.34 | 14.59
5.317 | 9.282 | 12.68 | 15.96

=W N

Table B.2: Table of the roots n,; to J),(2).

Another, linearly independent solution to the Bessel differential equation, which
is real-valued for real arguments, is the Neumann function? N, (z). The power series

expansion is
n

w =2 (30351 40

k=1
00 n+2k
1 (5)
e e ()
1 nz_l n—k—1)! (z>-7"0+2k’
T k! 2
k=0
where the Euler constant v = 0.57721566 . .., and where all sums are dined as zero

if the summation index exceeds the upper summation limit. This solution is singular
at the origin z = 0. For small arguments the dominant contribution is

No(z) = 72r <ln <2> —{—’y) (1+ 0(22))

N.(2) = —@ (%) - (1+0(z%), n>0

For large arguments the Neumann function has an asymptotic expansion (—7 <
argz < )

No(2) = (i>1/2 (Pn(z) sin (z — %T — —> + Qn(z) cos (Z - %T - %))

4

where the functions P,(z) and @, (z) are given by (B.4).

In the solution of scattering problems, hnear comblnatlons of Bessel and Neu-
mann functions, i.e., the Hankel functions, H,"” (z) and HY ( ) of the first and the
second kind, respectlvely, are natural®. These are defined as

HW(2) = J,(2) +iNn(2)
HT(LQ)<Z) = Jn(z) - iNn(Z)

2These solutions are also called Bessel functions of the second kind.
3These also called Bessel functions of the third kind.
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The Hankel functions of the first and second kind have integral representations

2 o« [T
Hfll)(z) = —e "2 / 7€l s cosh nis ds, O<argz<m
17T 0
21 .« [ _.
HP(z) = eing / e 7eoshs coshns ds, —m <argz <0
T 0
For large argumens, the Hankel functions have asymptotic expansions
2 1/2 : nw_w
HW(z) = (—) ol(==% %) (Po(2) +1Qn(2)), —m < argz < 2m
TZ
T (B.5)
HY(z) = (—) ei(>=5 %) (P.(2) —iQn(2)), 2r<argz <
TZ

where the functions P,(z) and @, (z) are given by (B.4).

Solutions to the Bessel differential equation of different order are related to
each other by recursion relations. Some of the more important ones are (n =
0,1,2,...,m=0,1,2,...)4

Zy-1(2) = Znt1(2) = 22, (2)
Zo () + Zosa(2) = %”Zn(z)
Zoa(2) = ~2u(2) = Z,(2)
Z(2) = Zua(2) = “ Zu(2)

(i)m (27" Za(2)] = (= 1) """ Zyy i (2)

Here Z,(z) is a fixed arbitrary linear combination of J,(x), N,(x), Hr(ll)(x) or
Y (x). Specifically, we have
N(z) = —Jo(2)
which is frequently used in the analysis in this textbook.
Some useful indefinite integrals with solutions to the Bessel differential equation,
which are often used in the text, are (n =0,1,2,...)
/x”“Zn(x) dr = 2" Z, 11 (z) = —2" (Z,’l(a:) - 2Zn(:zr;)>

T

/ac_”HZn(x) do = —x " Z,_(2) = —x~ ! (Z,’T(x) + an(:z:)>

2

[ #(2u@)? do =5 [(20(a))? = Zoes(a)Zuis )]

2
z 2 1.5 2 2
= T (@) + 5 ) (Z,())
1These recursion relations hold for non-integer values of n, t.ex. n = 1/2. The index m,
however, must be an integer.
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As above, Z,(z) is an arbitrary linear combination of J,(z), N,(x), Hqg,l)(x) or

20 (). Some additional — more complex —but useful determined integrals are
(n=0,1,2,...,m=0,1,2,...)

/ [(042 — B*)r — m” ; " Zm(ax)Y,(Bz) dx = fxZ,(ax)Y,—1(Bx)
— axZp—1(ax)Y, () + (m — n)Z,,(ax) Y, (Bx)

/me(ozx)Ym(ﬁ:E) dr = Bme(af’/’)le(ﬁz; : g;ﬁ'zmﬂax)Ym(ﬂx)
/ Zm{az)Yn(az) dr — ar Zp—1(ax)Yn(az) — Zp(ax)Yo(az)  Zn(az)Y,(az)
T mZ — 2 -

Here, Z,(ax) and Y,,(Bx) is an arbitrary linear combination of J,(z), N, (z), H,Sl)(x)
or H? (x).

For Bessel functions, J,(z), Neumann functions, N,(z), and Hankel functions,
H,(LI)(Z) or HT(E)(Z), we have for a complex argument z

In(27) = (Jn(2))" HV(z) = (HP(2))
Nu(27) = (Na(2))”

The Wronskian relation for J,(z) and N,(z) is
2
In(2)N(2) = T (2)Na(2) = —

and for J,(z) and Hﬁl)(z) it is

21
mZ

Tu(2)HO' (2) = T, (2)HV (2) (B.6)

The Graf addition theorem for Bessel functions is useful. Let Z,(x) be any linear
combination of J,(z), N,(x), Y (x) and Hr(lz)(x). The Graf addition theorem is

cosng\ - cos ka o
Z(w) (Smw)_k_z Zne(0) Ty (0) (mm)’ |veti] < |ul

where w is

w = Vu2 + v2 — 2uv cos

The relations between the different quantities w, u, v, a, and ¢ are shown in Fig-
ure B.1.

B.2 Spherical Bessel and Hankel functions

The spherical Bessel and Hankel functions show up in scattering problems, especially
when we express a solution in the spherical coordinate system (r, 0, ¢).
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Figure B.1: The geometry of the quantities in the addition theorem.

The spherical Bessel differential equation is

22%271(2') + QZdizZn(z) + (22 =nn+1))Z,(2) =0 (B.7)

where n is assumed to be a non-negative integer and the argument z a complex
number.

A solution to this differential equation is the spherical Bessel functions j,(z),
which are defined by the power series expansion®

‘ b (=DEEk+n)
Jnlz) =272 kz:; k!((2k)—|—(2n+)1)!z ' (B.8)

This solution is real-valued for real arguments, it is regular at the origin, z = 0,
and its power series is absolutely convergent in the entire complex plane. From the
power series, we also conclude that j,(z) is an even function for even integers n and
an odd function for odd n, i.e.,

jn(_z) = (_1)njn<z>

The other, linearly independent solution, which is real-valued for real arguments,
is the spherical Neumann function y,(z). Its power series is

R E S SE R SR N
n it e Kk —n—1/2)! \2 mantl L~ kl(2k — 2n)!

®Between the spherical Bessel function, j;(z), and the cylindrical Bessel function, J,(z), see
Appendix B.1, there is a relation

Ji(z) = (212)1/2 Ji1/2(2)

Also between the other type of solutions to the spherical Bessel equation and the corresponding
solutions to the cylindrical Bessel equation, (B.1), there are similar relations.
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We see that this solution is singular at the origin 2z = 0.
In scattering problems, we often use linear combinations of the spherical Bessel
and Neumann functions. These are the spherical Hankel functions, h,(ll)(z) and

hg)(z) of the first and second kind, respectively. These are defined as

WD (2) = ju(2) + iyn(2)
= ]n(z) - iyn(z)

The spherical Bessel, Neumann, and Hankel functions for [ = 0 are

. sin z (1) 1,
—= h/ —_ —
Jo(2) B 0 (2) ze
COS %

Yo(2) = —

@y 1 i
p, hy'(z) = ~e

and for [ = 1 they are

1 1 iz 1 1
jl(z):smz_cosz hg)(z):e <____)

22 z

cosz sinz . 1 i
yi(z) =—— — WP (z) = e (—— + —)

z z

From the power series representation in (B.8) we obtain for small arguments

(. 2%l 2
Jn(2) = m +0(2")

(1) . (2n)! —n+1
hn (Z) - 12nn!2n+1 + O(Z )

, , 2"(n+ 1)l
G = =
(2n)!
2n(n — 1)1zt

as z — 0 (B.9)
+O(2"?)

(zhP(2) =1 +0(z")

\

Specifically, for [ =1

. / 2
J1(z) ~ g, as z — 0 <Z]12(Z)) Yy ® 20
. (1) !
hg)(z)%iz_yasz_)o Mz—%,asz—ﬂ)
z 1z

An alternative expansion of the spherical Bessel and Neumann functions in finite
trigonometric series are:

Jn(2) = %{pn(z) sin (z — %) + ¢n(z) cos (z - %)}

Yn(2) = %{%(z) sin (z — %) — pa(2) cos (z B %)}
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The explicit for of the finite sums are

( [n/2]

(4 2k)! 1 by, _4
pa(z) = 4 (=1) (Qk(;)!(n - )Qk:)! op 12 tO )
ffn/m ) 1 (B.11)
n+2k+1)! On -3
\ n(2) = 2 (= )k(Qk: FDI(n—2k— 1)1 (22)2+1 ~ 2 TOET)

where [-] denotes the integer part of the argument, and where a,, = (n + 1)n/2 and
b, = (n+2)(n+ 1)n(n —1)/8. Note that these series are finite and that the series,
by definition, is zero if the upper limit of summation is negative.

Similarly, for the spherical Hankel functions we have

iz—i(n+1)m/2 _™ (7’L+ k})' 1 eiZ*i(n‘Fl)ﬂ'/Q
—iz4i(n4+1)7/2 7 (TL+ ]{?)' 1 e—iz+i(n+1)7r/2
n (Z) ~ l;_o: k‘(n _ k)' (QIZ)k 2 (p (Z) lq (Z))

(B.12)
In scattering problems another combination of spherical Bessel and Hankel func-
tions occur, .e.,

<Zj”—(z)>, — E{Pn(z) sin <z — %) + Qn(z) cos (Z B %) }

z z

/

/
(zhgll) (z)) iz—i(nt1)m/2

L (R2) +iQu() (19)
(zhf)(z))/ e—izHi(nt1)r/2 .
\ > = > (Pu(2) —iQn(2))
where a
Pa(2) = Pu(2) = @a(2) = = + 0 (=)
(B.14)

Qulz) = () +pu(x) = 1= 2 E 0 0 ()

Between different orders of spherical Bessel functions there are recursion rela-

tions. Some of the important are (n =0,1,2,...,m=0,1,2,...)
( 2n+1
fo1(2) + fagi(2) = . fn(2)

nfu-1(2) = (04 1) far1(2) = 2n + 1) f,(2)
nfu(2) = 2fa1(2) = 2f3(2)

(i)m 2 f(2)] = 2 ()

zdz

| (i)m [ fu(2)] = (1) o (2)

zdz

(B.15)
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Here f,(2) is a spherical Bessel function, j,(z), a spherical Neumann function, y,(z),
or the Hankel functions h (z) or A\ (2).
Useful, especially in the analysis of scattering by spherical vector waves, is also:

(zfn(2))" _ fu(2) (n+ 1) fo1(2) = nfpir(2) _ (n+1)fn(2)

/ — — —
O _ 2 | gy - 1o = r DRE) e
(B.16)
The Wronskian relation for j,(z) and y,(z) is
: , 1
W)~ ia(l2) = (B.17)
and for j,(z) and h,(ll)(z) it is
I () = G (DD () = (B.15)
z

Lemma B.1. The functions hg)(z) and hg),(z) have no real zeros.

Proof: By inspection, we conclude that x = 0 is not a root to neither hle)(z) nor

hg),(z). A root x # 0 to hg)(x) = 0 implies that both the real and imaginary parts
must be zero, i.e., jn(x) = y,(x) = 0, which is in conflict with (B.17). Similarly, a
root x # 0 to hq(ll)l(m) = 0 implies that j/ () =y, (z) = 0, which again is in conflict
with (B.17). O

The addition theorem for spherical Bessel functions appears in e.g., the some
expansions of the Green’s function in free space. Let f,,(x) be any linear combination

of jn(x), yn(x), h (x) and hY (x), then the Gegenbauer’s addition theorem is

_fr;EiU) =2n—-1"Y 2k+2n+1) fnzkn(u) ]nt;(v) C’,gnH/?)(cos a)
k=0

where C,inﬂ/ 2)(008 «) are the Gegenbauer polynomials, which also can written as

(nt+1/2), 1 —n/2
O™ ) = Gy (1 =2 Pl

We have
o0 . pn
fn(w) _ Z<2k Lop i 1)fn+k:(u) Itk (V) n+{¢(203 @) (B.19)
wr P u" (A s’ «

The relations between the different quantities w, u, v, and « are depicted in Fig-
ure B.1.

B.2.1 Integral representations

The spherical Bessel and Hankel functions have the following useful integral repre-
sentations:

in(z) = - / Pu(t)e* dt (B.20)

2in ),
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AImt AImt

-1 1 Re t -1 1 Re t

—arg z —arg z

Figure B.2: The complex integration contours I'; and I's. The contours I'; and I'y
can end at infinity anywhere in the shaded half plane.

and

1 .
A (z) = —,—/ P,(t)e" dt
1" Jp,
1 ' (B.21)
h?(z) = ,—/ P,(t)e™ dt
1" Jr,

where P,(t) are the Legendre polynomials, and the complex contours I'; and T’y are
defined in Figure B.2, which for a real argument z can be specialized as in Figure B.3.

We prove these identities by the use of the differential equations for the spherical
Bessel functions and the Legendre polynomials, i.e.,

2 fu(2) +22£,(2) + (2* = n(n + 1)) fu(2) = 0

and
(1—)P/(t) — 2tP.(t) + n(n+1)P,(t) = 0 (B.22)

respectively.
First prove that an integral

£.(2) = C /F () dt (B.23)

satisfies the differential equation for the spherical Bessel functions. The contour I'
and the constant C, are determined below. We get

d? d ‘
2 ) 2 1 P itz
[z gz Tt n(n + )1 /F . (1)e'™ dt

_ / (1222 4 2t + 22 — n(n + 1)] Pa(t)e dt
I
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flmt ﬁlmt

Re t _ Re t

Figure B.3: The complex integration contours I'y and I'y for a real argument z.

The use of (B.22) and integration by parts give

d—2—|—27;£+z —n(n+1) /P(t)eitz dt
a2 T L

= / [—122% + 21zt + 2%] P,(t)e"* dt + / [(1=t*)P(t) —2tP(t)] e dt
r

r

_ / [—£222 + 2izt + 2% + 2tz + 2] Po(t)e dt
r

+ {1 =) Py (t) — 2tP,(t) } ™|, —/ [iz(1— %) — 2t] P)(t)e™ dt
r

= (1= 2){Pi{t) — i2Pa ()} "

and we see that the integral in (B.23) is a solution to the differential equation for
the spherical Bessel functions provided

(1=t {P.(t) —izPyu(t }e“tz|F

We now choose the contour I" such that the contributions at the endpoints vanish.
This can be done in many ways. The first, obvious way is to let the contour I' be the
linear segment [—1,1]. Then, at the endpoints, z = 41, the contributions vanish.
The solution in (B.23) then is regular at z = 0, it must be a multiple of j,(2), i.e.,

1
Jn(z) = C’n/ P, (t)e"* dt
—1
To determine the constant C),, we expand the exponential in the integrand and
identify lowest non-vanishing power of z on both sides in the identity. The spherical
Bessel function has an expansion

2mn!

n n—+2
Gnrnc TOET)

]n(2> =
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The integral has the expansion

/ el dt = i / (t)t* dt
-1

where we have used the orthogonality of the Legendre polynomials
1
/ P,(t)t" dt = 0, k=0,1,2,...,n—1
-1
to show that the sum starts at k = n. The use of the series expansion of the Legendre

polynomials in Appendix C.1 gives

2"nIn!

and therefore, by orthogonality, the lowest non-vanishing power in z of the integral
is

1 m . n on ‘non+1
: "z 2%nlnl 2 "2t in!
Pn t itz dt = O n+2y _ n 9] n+2
/1 (t)e n! (2n)! 2n+1 +OET) (2n + 1)!Z +0E")

From this we can conclude that the undetermined coefficient C,, is
C, 2" —

and (B.20) is proved.

Another choice of the contour I' leads to the spherical Hankel functions. Let
I'; and 'y start at ¢ = =£1, respectively, and end at infinity ¢ = ooe'®, where
¢ € (—argz,m — argz). Then again, the contributions from the endpoints vanish,
since Im(¢z) > 0 at the endpoint at infinity. To determine what type of solution
it is, we determine the behavior of these solutions as |z| — oco. The asymptotic
behavior at large arguments is obtained by integration by parts. We get

[ Pt at = £ R0, (140 () = =2 (140 (=)
/F P,(t)e" dt = é P(t)e”| (1+0(:7)) = —é(—l)" " (1+0(z)

A comparison with the leading behavior for the spherical Hankel functions in (B.12)

iz—i(n+1)7/2

hi)(z) = — (1+0(=7))
efiz+i(n+1)7r/2
W = S o ()

determines the common constant, and completes the derivation of the integral rep-
resentations in (B.21).
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B.2.2 Related functions

It is also convenient to identify the differential equation for a spherical Bessel func-

tion times a power of z, i.e., F,,(2) = 2" f.(2), where v = 0, £1, £2, ... is an integer.
The function F,,(z) satisfies
o & d 2
z FFW(Z) +2z2(1— i/)d—Fm(z) +(z"—nn+1)+v(v+1)—2v)F,,(z) =0 (B.24)
2z z
The solution for v = 1 becomes particularly simple
d2
zQﬁFm(z) + (22 —n(n+1))Fi,(z) =0 (B.25)
z

Related to the spherical Bessel and Hankel functions are the Riccati-Bessel func-
tions. These are usually defined as [17]

{ Un(2) = 2jn(2)
&u(2) = 2hi)(2)

These functions satisfy the Riccati-Bessel differential equation is

ZQ%Zn(Z) + (22 —=nn+1))Z,(2) =0

where n is assumed to be a non-negative integer and the argument z a complex
number.

The Wronskian relation for ¢, (z) and &,(z) is
Vn(2)E(2) — Yl (2)6n(2) =i

Lemma B.2. The functions &,(z), and £, (2) have no real zeros.

(B.26)

Proof: By inspection, we conclude that = = 0 is not a root to neither &,(z), nor
¢! (z). The lack of a root x # 0 to &,(2) = zhg)(z) follows directly from Lemma B.1
on page 77. Finally, the function £/ (x) has no real zeros, since a real root, = # 0,
to &,(x) implies that j,(z) + zj,(x) = yn(z) + 2y, (z) = 0, which is in conflict
with (B.17). m

Many relations are derived from the properties of the spherical Bessel and Han-
kel functions above. For example, a useful recursion relation of the Riccati-Bessel
functions is, see (B.15)

fua(a) = @+ ) o)

n=0,12,...
fn<z) ) ) )
z

Fn(2)

foz) = (n+1) = fo1(2) = faa(2) =

where f,(z) is any combination of the functions 1, (z) or &,(2).
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Appendix C

Orthogonal polynomials

and, moreover, we list some of their most important properties. The derivations

! n this appendix, we define the orthogonal polynomials that are used in the book,
and more details are found in e.g., , Ref. 1.

C.1 Legendre polynomials

We define the Legendre polynomials, P,(z), from the generating function F(z,t) =
(1— 2zt +2)7% e,

1
(1 —2xt+¢2

=D P, <1
n=0

An alternative way is by the Rodrigues’ formula

1 dn n
PAe) = i (7= ) ©)

This leads to a power series expansion

[n/2]
i (2n — 2k)! n—2k
Pu(w) = 3 (=1) 2 (n — B)l(n — 2k)1"
k=0

The first polynomials are:

Py(x) =1

P(x)==x

Py(z) = (32* - 1)/2
Ps(z) = (52° — 3z)/2

Between different orders of the Legendre polynomials there are relations, viz. the

83
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recursion relations. The most important are:

( D) Py (x) = Py (x) — 2By (x)

Po(z) = 2P (x) — P,_y(z)

(n + 1)P1(x) = 2n+ )aP,(x) — nP,_1(x)

(2n + D Pu(x) = Py () — B4 (2)

| (1= 2?)Py(x) = (n+ 1) (2Pu(2) = Posa(2)) = n (Pooi(2) — 2Py (2))

With these recursion relations, we easily prove

P,(1)=1
foralln=20,1,2,..., and
Py =" Y
The value at the origin is
(2n)! . (2n — 1)

Py, (0) = (—1)" Prii(0) =0, n=0,1,2,3,...

iz~ Y

Moreover, we have

Fo(=z) = (=1)"P,(x)

The Legendre polynomials are orthogonal on the interval [—1, 1], i.e

! 26nn’
/ P,(x)Py(x) de =
-1 2n + 1

and they satisfy the differential equation
(1 —2*)P!(z) — 2zP,(z) + n(n+ 1)P,(z) =0

Moreover, the set {P,(z)} -, is a complete orthogonal system on the interval [—1, 1].
This means that every square integrable function on the interval [—1, 1] has a con-
vergent Fourier series. The convergence is in general only in norm.

o0

f(z) = a,P,(x), z€[-1,1]

n=0
where the (Fourier) coefficients a,, are determined by the integrals

2n+1
2

f() n(w) do

ap =

Another useful integral that involves Legendre polynomials is

1 2(n + 1) 2n
p P/ - / ! m—
/_lx o (2) Py () do o+ 1)<2n+3)5n nt1+ @n— 1)@+ 1)5n n—1



Appendix D

Spherical harmonics

appendix, we define these functions and also present some of their more important
properties. Specifically, the transformation properties between spherical wave and
plane waves are derived.

! n scattering theory, the spherical harmonics play an important role, and in this

D.1 Associated Legendre functions

The associated Legendre functions, defined for positive integers [, m > 0, are denoted

P™(z) and defined by [1]

dm
Pt (x) = (1 - xQ)m/de—sz(ﬂf)’ z € [-1,1]

where Pj(z) is the Legendre polynomial defined in Appendix C. For a negative

integer value of m, we use (m = —1,-2,...)
[ —|m))!
Py = (1)l L= 1D pimi , ze[-1,1 D.1
P(a) = ()" e @), e 1 (D.1)
The integer [ takes non-negative integer values, i.e., [l = 0,1, 2,3, ..., and the integer
m is takes values in the interval m = —I, =l + 1,...,—1,0,1,...,[, since |m| > [

leads to P/ (x) = 0. We also note that
P)(z) = P(x)

and
le(l) = Omo

Other useful limits are

and for (m > 0)
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The value at the origin is

0, [+m odd

In many applications it is convenient to introduce an angle # € [0, 7] instead
of the variable x. Define x = cos#, and the definition of the associated Legendre
functions become (m > 0)

P (cos @) = sin™ 6 d —P(cost), 0¢€l0,7]

d(cos )
The functions are either even or odd, depending on the value of [ + m.
P (—z) = (=1)"""P"(z)

As the Legendre polynomials, the associated Legendre functions are orthogonal
over the interval [—1, 1].

" pmi P " o " | 260 (1+m)!
/1Pl ()P (x) dx:/o P"(cos )P (cos0) sinf df = 2[—1l—llgl—m;!
and " (OP™(cos8) OPI(cosf) P (cos0) P (cos )
/" (cos ' (cos o /" (cos - (cos .
/0 ( 20 26 " sng sing >Sm9d9
201+ 1)by (14 m)!
o 20+1 (I—m)!
and

00 sin 6 sin @ 00

Note that the m index is the same in both functions in the integrand. There is also
another orthogonality relation for the associated Legendre functions, but this holds
for an [ index that is the same, m # 0, and with a weight function (1 — z?)~'.

/1 le(:E)le/(CL’) dr = Oy (I +m)!

/ (8Pl (cos @) Pj*(cos ) N P"(cosf) OP(cos 9)) <ind df = 0
0

. 1—2a? m (I —m)!

Between different associated Legendre function there exist relations. These are
either recursion relations in the index [ or the azimuthal index m or a combination
of these indices. Some of the useful recursion relations are:

(a1 2mx " -
Pz+(w)—mpz (&) +(l+m)(l—m+1)P" " (x)=0
(20 +1) (122" () = Pt (@) — P ()

= (+m)(I+m—1P" N (2) = (L =m+1)(I —m+2) P ()

| (1= ) B @) = SR ) — S m) (= m o DR )
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Useful is also

(1—a%) P (z) = (I + m) Py (2) — la " (x)
=+ DaP"(z) = (I =m+ 1) (x)
(L =m+ 1P} () = QL+ DaB"(x) — (L+m) B (z)

The value of the derivative at the origin is

P(0) = 0, [+ m even
! ) (1+m)P"(0), 1+m odd

and
(m* —1(l+1)) B™(0), 14 m even

B(0) = { 0. [+modd

D.2 Spherical harmonics

The spherical harmonics are denoted Y}, (6, ¢) and they are defined by [1]

m 20+1( —m)! m im m im
Yim (0, ¢) = (—1) \/ pp El%—m;!PI (cos 0)e™® = Oy, P™(cos 0)e™?

where the indices [, m take the following values:
[=0,1,2,...., m=—-l,—-l+1,....,—-1,0,1,...,0—1,1

The normalization factor Cj,, used in this textbook is

Cim = (—1)m\/2l +1(1—m)!

dr (I +m)!

The extra factor (—1)™ is called the Condon-Shortley phase. This extra factor and
the expression of the associated Legendre functions for negative m-values in (D.1)
gives us a alternative expression of the spherical harmonics, i.e.,

Vi (0, ¢) = (—ﬁ>m \/QZ 1o |m|):Pl|m|(cos 0)e™?

Im| Am (I + |m|)!
where
m (=)™ m>0
m
oy L
m|
1, m <0

This definition employs only associated Legendre functions with non-negative m-
values.
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Appendix D

AZ

Figure D.1: Definition of the spherical angles 6 and ¢.

Real vs complex notation

In the literature, there are several ways of defin-
ing the spherical harmonics, each with its pros
and cons. Commonly used are the complex
combinations [1]

Yim (0, #) = Clp P™ (cos 0)e™?
The real combinations of the azimuth functions
are [12]
Yo’ml(ea (b) = Cllmf)lm(cos 9) {Cf)S m¢}

where m = 0,1,...,l — 1,1l and o = e,0 (even
or odd in ¢). The transformations between the
two are (m > 0)

Citm :
}/lzl:m = Cl,f:t (Y—eml + leornl)
lm
Cim
Y, = Cl/m Yim + Cl_m}/l—m
T 2C | ~Yim G Yim

of the spherical harmonics

The definitions of the spherical har-
monics differ between textbooks, and it
is recommended that the explicit defini-
tion of these functions is checked care-
fully before use. It is mostly the use
of different phase factors that causes
problems. In this tex we adopt the
Condon-Shortley phase factor, since it
is the most widely used phase factor in
the literature. The two main alterna-
tives of definitions of the spherical har-
monics are given in the text box. The
normalization coefficient often vary be-
tween different textbooks.

Instead of writing the angles 6 and ¢
in the argument, we often use the unit
vector © = @ sinf cos ¢ + ysinfsinp +
z cos 6, see Figure D.1, and the spherical
harmonics are often denoted Y, (7).

Reflection of the unit position vector
in the origin # — —7, 1.e., § — m — 0,
¢ — ¢ + m,implies the parity conditions



Section D.2 Spherical harmonics 89

Special values, which are important in scattering problems, are

Moreover, the lowest order spherical harmonics are

. 1
Yoo(?“) = E’

3 .
Vi () = F [ g —sin ™

Frequently, we need to change the sign in the exponential, which brings about
the notation

Ylin(ea Qb) = C1lm-le(COS H)G_im(’b

Note that the dagger, (1), is identical to the complex conjugate, denoted (*), of the
spherical harmonics, provided the angles § and ¢ are real numbers,® i.e.,

Yih(0.0) =Y (0.0), 0.0€R
We also have
Yiem(0,6) = (=1)"Y;},(6,¢) (D.3)
D.2.1 Orthogonality and completeness

The spherical harmonics are orthonormal over the unit sphere €2, i.e.,
27 T
// Yim (P) Y], (7) Q2 = / d¢ / 1.0 A0 Vi (60, 0) Y, (6, 8) = Su G
0 0
Q

Moreover, the system Y, (7), I = 0,1,..., m = —[,...,0,...,[, is a complete or-
thonormal system over the unit sphere, see [3, page 24]. A square integrable function
f(0,¢) defined on the unit sphere has a convergent expansion in the spherical har-
monics Yy, (7).

9] l
F0.9)=3"3" amYin(8,6), 6€0,7],6 € [0,2n)

=0 m=—1

where the generalized Fourier-coefficients a;,,, are determined by the integrals

21 T
i — / a6 / sin0dé £(6, 6V}, (6. )

!Therefore, this symbol may seem needless, but in combination with the radial functions form-
ing the spherical vector waves in Chapter 2, the notion becomes handy.
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The convergence is in the norm sense

N 1 2 N 1
Hf('f'> S S i@ = I =33 a0, di N > o
=0 m=—1 =0 m=-1

where the norm ||-|| is defined as
27 us
5@ = [ o [ sinoao s = [[ 1760 ag
0 0 A
The completeness can also be stated as

/27r dgb/ﬁsined@f(&gb)YJn(@, $) =0, forall ;m = f(0,¢) =0
0 0

D.2.2 Vector operations on Y, (7)

The spherical harmonics Y;,,,(7") are eigenfunctions to the Laplace operator V4 on
the unit sphere with eigenvalues —I(l + 1), i.e.,

. 1 0 . 0 . 1 92
VoY () = ———=sin0—Y,,(#) + 7095

sin0a0 " 00 Yin(#) = =1+ 1)Yi(7)  (D.4)

D.3 Vector spherical harmonics

A vector field F'(7) defined on the unit sphere has a series expansion in the spherical
harmonics defined in Section D.2.

F(’f.) = Z Z aleEm('fd)

=0 m=—1

The drawback with this expansion is that the expansion coefficients a;,, are vector-
valued. If there was a set of vector-valued basis function, the expansion coefficients
would be scalar. To accomplish this, let us introduce the vector spherical harmonics.

The vector spherical harmonics can be defined in several ways. In this textbook
we adopt the following definition:

( AP T 7)) = —1 )X T
Aun(P) = 1(z+1)V X (r¥in(®)) z(z+1)vy“”( ) x
) = VY (i (D.5)
A2lm( ) l(l T 1) VY}m( )
\ ASlm(fa) = 'f'Ylm(%)

The integer indices are [ = 0,1,2,3,... and m = —[,...,0,1,...,l. For [ = 0, the
first two expressions are not defined, since both the nominator and the denominator
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are zero. We define these vector spherical harmonics to be zero, i.e., Ajg(7) =
Aspo(7) = 0. Alternatively, we can express the vector spherical harmonics in the

spherical basis vectors {7, 0, é&} The result is

( X 1 .1 0 -0 R
Aum(F) = 0+ 1) (Bsinﬁa_qbylm(r) N "5%%’”(’"))
. 1 ~ 0 R ~ 1 0 )
Ao (T) = m (Oﬁnm(r) + ¢sin08_gbylm(r>>
. ASlm('f.> - ’f'YEm('f.)

In analogy with the spherical harmonics in Section D.2, we frequently need to

change the sign in the exponential in the vector spherical harmonics, i.e.,

1 1
(Al () =~ x (1)) =~V () 7
I(1+1) I(1+1)
N 1 . D.6
Al (7)) = VY, (7 (D.6)
[ A, (7) = 7Y, (7)
We have
Al(0.0) = A}(0.9), 0.9€R
and
ATl—m(ev ¢) = (_1)mAIlm(9> ¢>
These vector spherical harmonics have the following properties:
*Agn(r)=0, 7=12
’IA" X Aglm(’lA") =0
and
Allm(lf'> = Ale(’f') X T
A2lm('fa> =7 X Allm(A)
which we can summarize as
P x A7) = (1) AL(R), T=1,2 (D.7)
where we have introduced the dual index to 7, defined by 1 =2 and 2 = 1.
Inversion of the argument, » — —7, i.e., 0 = 7® — 60, ¢ — ¢ + m, implies
A (=77) = (=1)" Ay ()
Agpy(—7) = (1) Ay, (7) (D.8)
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D.3.1 Specific values of argument and order

With an argument # = 2 (6 = 0), the vector spherical harmonics have specific
values.

( X 2A+1 fol+1. . ..
A (Z2) = Fomar o (12 — 9) = £om1 T (z £iy)
. 2041, ..
< A2lm<z> - :F(smj:l 16—71' (iB + ly) (D9>
N 20+ 1
| Asin(2) = 0mo T

m =
Specific values for m = 0 are

(

A 20+1  ~ |
Aqp(r) = md) sin P/ (cos 6)
A 20+1 .
Agp(7) = =1/ m@ sin P/ (cos 6)
20+ 1
Agp(r) = + 7 P(cos )
\ 4dm

The lowest order vector spherical harmonics for m = 0 can be written explicitly as

Aso(7) = 0

Aso(7) = 0

A7) = 1| =i
4

Since 2 = # cos  — 0 sin 0, this result implies that the unit vector 2z can be expressed
in the vector spherical harmonics for [ =1 and m = 0.

53— \/% (Am(f) + %Aglo('f“)>
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m = =1
Moreover, the vector spherical harmonics for m = £1 are
(
. 1 20+ 1( .~
Ay (7) = :Fl(l ) e (jﬂ@PZ’(cos 0)
+ ¢ (cos 0P/ (cos0) — I(I + 1) Py(cos 0))) e*io
. 1 20+ 1( .~
q Az (7) = :Fl(l ) I (:l:l(],’)Pl/(COS 0) (D.11)

— 0 (cos 0P} (cos0) — I(1 + 1) P(cos 9))) eti¢

A 2l + 1 A . i
\ Az (P) = F4 mr sin @ P/ (cos 6)e*?

Specifically, we get for [ =1

(
A 3 ‘N I i 3 A c A A
A (r) = q:“16_7r (j:10—¢0080> et = 16—7T(a:11y) X T

3
Ag1(7) =7 X A () = T/ —7 x ((z £ iy) x ) (D.12)

/3 . /'3
Az141(7) = Fy/—7sin feti® = 34 —7 (xtiy)-7r)
\ 8 1%

D.3.2 Vector operations on A, ()

The divergence and the curl of these relations, obtained from the definitions of the
vector spherical harmonics (D.5) and the use of the rules of the V-operator, are

V . Allm('f‘) — 0
. Vi (7
V- Ay (#) = —/I(1 + 1)~ r( ) (D.13)
2V (7
V- Ag () = ’T( )
and? ) ) A
V y Allm(’f‘) _ Aym(r) + \/ l;l + 1)A3lm(’l”)
V X Agp(7) = —A”’;j("”) (D.14)
: 3
v % A3lm('f‘) — l<l + 7/).141l7n(’r‘)

2We have here used V x (a x b) = a(V-b) —b(V-a) + (b-V)a — (a- V)b with a = VY, (7)
and b= r, and that V-7 = 3, V2Y},,(#) = —r"2(1+ 1)1, (7), 2 (VYin (7)) = =171V Yp (7) and
(a-V)r = a for an arbitrary vector a.
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Using these relations, we obtain the double curl of the vector spherical harmonics

(W o (¥ % Ay () — L D A ()

V (V% Agi(#)) = — YD A (7)

11+ 1)A37;m(fi°)

|V (V% Agn(7) =

T2
and that
Vo Aum(7) = =I(1 + 1) Ay (7)
V2 Ag(7) = —1(1 + 1 AM,4J¢7:_&M (D.15)

Vo Az (7)) = — (11 + 1) + 2) Az (P) + 24/1(1 + 1) Agyp (7
where V3 denotes the Laplace operator on the unit sphere, i.e.,

1o 0 1
Va = sin 6 00 Sme({)@ * sin? 0 0¢p?

D.3.3 Orthogonality and completeness

The vector spherical harmonics satisfy the orthogonal relation on the unit sphere.

//mm ). AL, (#) dO

- / A0 [ 5008 A (6.6) - Al (6.6) = 8.06uB
0 0

The natural norm for vector-valued functions on the unit sphere is |[|-]|.
2w ™
|w@m%i/<w/smmwF@yFww:/ |F(#)]* dQ
0 0
Q

Every square integrable vector field defined on the unit sphere has a norm-convergent
expansion in vector spherical harmonics. The completeness of these basis functions
is found in, e.g., [3, page 170]. The vector field F'(6, ¢) defined on the unit sphere
is expanded as

[eS) l

F0,0)=>.> > tumAaunm(0:9), 0€[0,7],¢ € [0,2m)

7=1 =0 m=—

where the Fourier-coefficients a,;,, are determined by the integrals

Aripn = //F Al () dQ
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Note that the expansion coefficients in this expansion are scalars. The convergence
is in general only in the norm sense.

l

HF(I'A’.) - ZZ Z aTlmATlm(If.)

7=1 [=0 m=—

3 N l

IFE@EI7 =D Y arm|* =0, di N — oo

7=1 1=0 m=-I

D.4 Addition theorem for the Legendre polyno-
mials

In this section we prove the addition theorem for the Legendre polynomials P;(cos ).

l l
47 . N 47 R A
Pi(cosy) = > Vi)Yo (k) = 57 > Vi (7)Yim (k)
m=—I

20+ 1 —
where
cosy =7 -k =sinfsinacos(¢ — ) + cosf cos a

and (0,¢) and («, 8) are the spherical angles for the unit vectors # and k, respec-
tively, see Figure D.2.

To prove this formula we start by expanding an arbitrary function f(7) in terms
of spherical harmonics.

[e'S) l
f(r) = Z Z i Y i (T)
=0 m=—
where
am = [ | F@E)Y](#) A0
/

and where dQ) = sinf df d¢. Specifically, we have for any solution f;(#) of the
equation (I non-negative integer)

r?V2fi(#) = =11+ 1) fi(7) (D.16)
an expansion
o U
filr) = Z A Yy (T°)
=0 m/=—1'

In this expansion only I’ = [ contributes. To see this, form the quantity r?V?2f;(7)
in two ways. First by operating 7>V? on f; and use the differential equation that
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Figure D.2: The definition of the spherical angles (0, ¢), («, 5) and the angle 7.
The unit vector 7 and its spherical angles are given in blue lines, and the unit vector
k and its spherical angles are given in red lines.

f1 satisfies, and then secondly, by differentiating under the summation signs. By
equating these two expressions we get

oo

l—l—lZZal//y Zlel+lal//l/()

=0 m/'=-1 =0m/'=-1U

where we used (D.4). Since the expansion coefficients a;., are uniquely defined, we
conclude that they are zero unless® I = [, i.e.,

l

filr) = Z @t Yo (7)

m=—I

All functions f;(7) satisfying (D.16) are in other words expressed as an expansion of
spherical harmonics of order [. Especially, evaluate this expansion at § = 0 (# = 2).

We get, since Y, (6 = 0,¢) = /(2L + 1) /4700

N 20+1
Ji®)lg—o = Z i Yim (0 = 0, 0) = e 2o

3The other possibility I/ = —I — 1 is ruled out since I’ non-negative integer.
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where
20+ 1
am_//flf« (7)) dQ = | 2 + //fl ) Py(cos 6) dQ
Therefore,
4mr .
/ fi(7)Pi(cos @) dQ) = 2l+lfl(r>’9:0 (D.17)

We now apply this result to P,(cosy), which satisfies (D.16). We get an expansion

l

Pi(cosny) = Z AU Yim (0, @)

m=—I

where

o = [ [ Pteos)¥,60.6) 42:0,6) = [ [ Pitcos)¥,0.0) 400

We have here used the fact that the surface measure, d2(0, ¢) = sinf df d¢, on the
unit sphere is invariant under rotations, and therefore the same as for the rotated
coordinate system dQ(~,1) = siny dy dip. From the result above, see (D.17), this
integral can be evaluated as (use f;(#) = Y;! (6, ¢))

47

_ T

20 +1
'y:O_ 47T

Y (k)

and the final result is

l l
A7 R . 4 . N
Plecosy) = g D Yim ()i (k) = 57 D Vi (7)Yim (k)
m=—I m=—1
(D.18)

The last equality is obtained by changing the summation index m to —m and us-
ing (D.3).

In particular, we get for r = k

which is independent of the direction 7.

D.5 Transformation formulae
We can use (B.20), i.e
1! :
Jilx) = = / Pi(t)e'™ dt

l
21 )4
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to establish the transformation between a plane wave with propagation direction 12:,
i.e., €*7 and a regular spherical wave, j;(kr)Y;,,(#) and its inverse. We start by

expanding exp{ikz} in a Legendre series

o0

elkz — elkTCOSG — E CL[B(COS 9)
=0

The coefficients a; in this expansion is found by

2041 [T .
a; = T+ e*reost pcos ) sin @ df = i'(21 + 1)j;(kr)
0

where we have used the identity (B.20). Thus, we have

o0

eikrcos@ _ le<2l + 1)jl(]€T)Pl(COS 9)

=0

Introduce the wave vector k = kk and the position vector = r# and let cos v = k7.
Then

oo e !
T =312+ Djulkr) Pcos7) = 4x > Y (k) Vi ()Y, (k)
I—0 =0 m=-—I

where the addition theorem for the Legendre polynomial, (D.18), is used. This is
the transformation between a regular spherical wave and a plane wave.

The inverse of this transformation is also obtained by multiplication by Ylm(l%),
and integration over the unit sphere in the k-variables. Orthogonality gives

Jkr)Yin(P) = / / KTV m (R (D.19)

We summarize,

e l 0o l
Z Z lm ’2’ = Z Z 1(kr)Y; lm Yim(’%)
1=0 m= 1=0 m=—1

- ik-r
Ji(kr)Yim (1) =1 // Yim

The first relation transforms a plane wave to a regular spherical wave. The second
relation is the transformation of a regular spherical wave to a plane wave.




Appendix E

V in curvilinear coordinate systems

ear coordinate systems, cylindrical and spherical, are collected. For completeness

! n this appendix some important expressions with the V-operator in two curvilin-
we start with the Cartesian coordinate system.

E.1 Cartesian coordinate system

The Cartesian coordinates (z, y, z) is the most basic coordinate system. The gradient
and the Laplace-operator of a scalar field ¢ (x,y, z) in this coordinate system are

Loy o Oy
Vw—wax+yay+zaz

Y 0% 0%
2,0
Vi = 0x? +8y2 +022

The divergence, the curl, and the Laplace-operator of a vector field A(z,y, z) =
TA,(z,y,2) + YAy (v, y,2) + 2A.(z,y, 2) are

_0A,  0A, O0A,
VA= Ox - dy 0z

0A, 0A 0A, 0A 04, 0A
A=1a £t 7 T E s 2y T
VX m(ay 8z>+y(8z 8x)+z<8a: 8y>
VA = 2V?A, + VA, + 2V2A,

99
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E.2 Circular cylindrical (polar) coordinate sys-
tem

We now treat the first curvilinear coordinate system, and start with the circular
cylindrical coordinate system (p, ¢, z) defined by

p= ity
arccos y=>0
¢ o x24y?

2T — arccos —— y <0
/z2+y2

z
\

I
w

The gradient and the Laplace-operator of a scalar field v (p, ¢, z) in this coordinate
system are

8w o, 2/)
v (9 _8¢
9 oY 1 82¢ 0%
VY ;8_p(p8_p)+?87¢52+w

The divergence, the curl, and the Laplace-operator of a vector field A(p,¢,2) =
bAp(pa (b’ Z) + ¢A¢(/07 ¢7 Z) + '%Az(pa ¢7 Z) are

10 194, aA
V- A= pA,) + — +
pap( 2 p 0

10A, 8A¢, 0A 0A 170 0A
A— o4, _ 04 L A s
VX ”(pa¢ az>+¢<az ap)“p(ap(p 2 a¢)

2 ~ 2 P @ 2 ¢> 2
VA p(VAp 3 3 )+¢<V " + — 7 )+ V

E.3 Spherical coordinates system

The spherical coordinate system (7,0, ¢) (polar angle 6 and the azimuth angle ¢) is
defined by

r = /$2+y2+22

z

0 = arccos ——F2——
/1'2+y2+Z2

arccos ——— y>0
qb . 1.2+y2

21 — arccos —==
L ’:1:2+y2

y <0
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The gradient and the Laplace-operator of a scalar field ¢ (r, 0, ¢) in this coordinate
system are

RSP Wl
VY= a +o; r o0 ¢7" sin08_¢)
L 1 o 1 0%
2.0 _ T
VY= r?@r ( 87’) i ET] (Smeae) T 004
1o 19 O 1 8%
rr? (ry) + r2sin 6 00 (sme%) - r2sin® g2

and the divergence, the curl, and the Laplace-operator of a vector field A(r,0,¢) =
A (1,0,0) +0A(r,0,0) + pAs(r. 0, ¢) are

vea= %% (rA:) + 7’8111195?9 (sinf40) + rsilneaﬁ_f;b
VxA:f“rSilne <§9(sm9/1¢) %“;")
+é%<sirl1988fdl)r_%( ))+¢ (a(rAe) 3;1;)

\Y
. Ap 2 0A, 2cos 0A,
(Vi — —— += —
<V * T r25in%0 * r2 90  rZsin®f 0¢ )
Ay n 2 0A, N 2cosf 0Ay
r2sin?@  r?sinf 9¢  r2sin?6 0¢
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Appendix

Notation

ppropriate notion leads to a more easy understood, systematic, and structured

text, and, in the same token, implies a tendency of making less errors and

slips. Most of the notation is explained at the place in the text were they
are introduced, but some more general notion that is often used is collected in this
appendix.

e Vector-valued quantities (mostly in R?) is denoted in slanted bold face, e.g.,
a and b, and vectors of unit length have a “hat” or caret (") over a symbol,
e.g.,  and p.

e The (Euclidean) scalar product between two vectors, a and b, is denoted in the
usual standard way by a dot (+), i.e., @ - b. If the vectors are complex-valued
the appropriate scalar product is a* - b, where the star * denotes the com-
plex conjugate of the vector. For complex-valued functions (Lo(2)-functions
defined on a domain €2) the scalar product is defined in the standard way

9= [[[ roge) ao

e We make a distinction between a vector a and its representation in components
in a specific coordinate system, and denote the components as a column vector
or with brackets around the vector, i.e.,

where
a = Ta, + Ya, + za,

e Linear vector-valued transformations (dyadics) are denoted in bold roman
fonts, e.g., A. A linear transformation A acting on a vector field a gives a
new vector field b and we use the notation

b=A a
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In a specific coordinate system the linear transformation A is represented by
a 3 x 3 matrix [A], where we again use brackets around A to emphasize that
we refer to its components. The components of the vector b is then

[b] = [A] - [a]
by | = | Aye Ay Ay Qy
bz AZCL‘ Azy Azz a

e The unity and the null dyadics in n dimensions are denoted I,, and 0,, respec-
tively, and the corresponding matrix representations are denoted [I], and [0],
respectively. In three dimensions we have

100
Hy=10 10 0], =
001

o O O
o O O
o O O

or in two dimensions

() o)

e The transpose of a matrix is denoted by a superscript (*) and the Hermitian
of a matrix with the superscript dagger (1), i.e.,

Agj = Aji
T oqx

e We use the symbols o and O defined by

f (=)

fl)=o0(9(x)), z—=a < }Clggm =0
f(x)=0(g(z)), z—a < % bounded in a neighborhood of a

e The symbol B denotes the end of an example.
e The real and the imaginary part of a complex number z = x + iy are denoted
Re z and Im z, respectively, dvs.

1
Rez:x:§(z+z*)

Imz=y=§(z—z*)
i

A star (*) is used to denote the complex conjugate of a complex number, i.e.,
2 =r—1y.
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e The Heaviside’s step function, H(t), is defined in the usual way as

0, t<0
H(t)=1q
1, t>0

e The Kronecker’s delta (function) symbol, d;;, is defined as

L
by =4 '
0, i#J

e The cylindrical coordinate system (p, ¢, z) is defined by

arccos y>0

T +y
21 — arccos

@

x2+y2 y<0

=z

The domain of the coordinates are p € [0,00), ¢ € [0,27), and z € (—00, 00).
e The spherical coordinate system (r, 6, ¢) is defined as

(= /224192 + 22

z

6 = arccos
Va2 +y? 4+ 22
arccos ———= > ()
O = Vatty? =
27T — arccos ——= <0
\ Va?+y? Y

The domain of the coordinates are r € [0,00), 6 € [0, 7], and ¢ € [0, 27).
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Appendix

Units and constants

system of units that we use. The Sl-system is the one that is used in most
literature nowadays, and this textbook is no exception. The relevant constant
in the SI-system that is used in the text is collected in this appendix.
The speed of light in vacuum ¢y has the value (exact value)

f- [ Yhe explicit form of the equations in electromagnetism varies depending on the

co = 299792458 m/s

1o and €y denote the permeability and the permittivity of vacuum, respectively.
Their exact values are

o = 47 - 1077 N/A?

1
€= ———F/m
" C3Ho /

Approximative values of these constants are

o ~ 12.566 370614 - 10" N/A?
€0 ~ 8.854187817- 107" F/m

The wave impedance of vacuum is denoted
M = 4 /@ = copto = 299792458 - 47 - 1077 Q ~ 376.730 314
€0

The charge of the electron, —e, and its mass, m, have the values

e~1.60217733-107" C
m =~ 9.1093898 - 103! kg
e/m = 1.758 81963 - 10" C/kg
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Answers to problems

1.1 E(r,w) and H(r,w) are zero for r > a.
1.2

o ki {[3%(2.7%) — % < .

€y 4nr

ikr
1
H:—ikwpz <i )ﬁx%

" kr
Pl kw
S(t)) =
(S()) 327m2r2¢
_ |pPEPw
 127e

P (1—(2-7)?)

111

i)—i—f*x(fzx%)}

k2r2  kr
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Index

Addition theorem
Bessel functions, 73
spherical Bessel functions, 77
Ampere, A M., 1, 2
Ampere-Maxwell law, 2
Angular frequency, 7
Angular wave number
vacuum, 10
Associated Legendre functions, 85-87
Average
temporal, 11
Axial vector, 60
Azimuth angle, 100

Bessel functions, 69
spherical, 73-81
Wronskian, 73

Biot, J.-B., 3

Condon-Shortley phase, 87
Conservation of charge, 3
time harmonic fields, 10
Constitutive relations
permeability, 10
permittivity, 10
Current density, 2, 3

Delta function, 24

Direction cosines, 59

Dual index, 39, 91

Dyadic, 54
anti-Hermitian, 57
anti-symmetric, 57
complex conjugate, 56
conjugate transpose, 56
decomposition, 58

113

definition, 60
Hermitian, 57
Hermitian transpose, 56
inverse, 56
simple, 54
symmetric, 57
Dyadic product, 55
Dyadics, 54-57

Electric field, 2

Electric flux density, 2

Electromagnetic spectrum, 9
radar bands, 9

Electron
charge, 107
mass, 107

Ellipse of polarization, 12-17
circular polarization, 16
left-handed elliptic polarization, 15
linear polarization, 16
right-handed elliptic polarization,
15
Euler angles, 61

Far field
radiation conditions, 45
Far field amplitude
multipole expansion, 46
Faraday’s law of induction, 2
Faraday, M., 1, 2
Fourier, J.B.J., 6
Frequency, 7

Gauge transformation, 22

Gauss’ law, 4
Gauss, C.F., 4
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Gegenbauer’s addition theorem, 77
Graf’s addition theorem, 73
Green’s dyadic

electric field, 28-29

isotropic media, 28
Green’s function, 24-26
Green, G., 24

Hamilton, W. R., 62
Hankel functions, 69
spherical, 73-81
Helmholz, H., 23
Hertz, H.R., 3

Legendre polynomials, 83-84
Linear dependence, 43

Linear transformations, 54-57
Lorentz’ force, 3

Lorentz’ reciprocity theorem, 12
Lorentz, H.A., 3, 23

Lorenz’ condition, 23

Lorenz’ gauge, 23

Lorenz, L.V., 23

Magnetic field, 2
Magnetic flux density, 2
Magnetic induction, 2
Matrices, 54-57
Maxwell equations, 2, 3
time harmonic fields, 9
Maxwell, J.C., 1, 2
Multipole expansion, 39
plane wave, 44

Neumann functions, 69
spherical, 73-81

Orthogonal matrix, 60

Parity

spherical harmonics, 88
Partial wave expansion, 39

plane wave, 44
Permeability, 10

vacuum, 107
Permittivity, 10

vacuum, 107

Plane wave expansion, 44
Polar angle, 100
Polar vector, 60
Polarization of fields
ellipse, 12-17
Poynting’s theorem, 5, 11
time harmonic fields, 11
Poynting’s vector, 5
Poynting, J.H., 5
Projection
vectors, H4
Projection dyadic, 57

Quaternions, 6267
complex conjugate, 64
inverse, 64
norm, 64
pure, 63
scalar part, 63
vector part, 63

Radar band frequencies, 9

Radiation conditions, 45

Reciprocity, 12

Riccati-Bessel differential equation, 81

Riccati-Bessel functions, 81
Wronskian, 81

Rodrigues’ formula, 83

Rotation matrix, 62

Rotation of coordinate system, 5867

Scalar potential, 22
Similarity transformation, 60
Simple dyadic, 54
Speed of light
vacuum, 107
Spherical Bessel functions, 73-81
integreal representation, 77-80
Wronskian, 77
Spherical Hankel functions, 73-81
integreal representation, 77-80
Spherical harmonics, 87-90
scalar, 87-90
vector, 90-95
Spherical Neumann functions, 73-81
Spherical vector waves, 36-39
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in-going, 36
irrotational, 37
longitudinal, 37
radiating, 36
regular, 36-38
transverse, 37
Spherical wave, 25

TE multipole, 39

Tesla, N., 3

Time average, 11

Time harmonic fields, 6-9
condition for real field, 7

TM multipole, 39

Transverse electric multipole, 39

Transverse magnetic multipole, 39

Vector, 53-54
axial vector, 60
definition, 60
polar vector, 60
vector field, 53
Vector field, 53
Vector potential, 22
Vector spherical harmonics, 32, 90-95

Wave impedance
vacuum, 10, 107
Wave number
vacuum, 10
Weyl, H., 22









Transformation of unit vectors

Cylindrical coordinates (p, ¢, 2) Spherical coordinates (r,0, ¢)

r = /22 + y2 + 22
0 = arccos ——=2——
2+y y>0 /22 fy2 422
. T
27 — arccos ~ +y2 y <0 4= arccos N y>0
2m — arccos \/% y<0
x2+y

arccos

f%
N r—-A——\

(r,0,0) — (2,9, 2)

= &sinfcos¢p +ysinfsing + 2 cosd
0= xcosfcosp+ycoshsing — zsinf
¢=—xsing + 9y cos ¢

p7¢72) — (x,y,z)
= Zcosp+ysing=( xx

p +9

{ $=—@sing+Peosd = (—dy+ya)/y/2% + 42
zZ= z

(

x,y,Z) — (P, ¢,2)

= pcos¢ — d)smqﬁ
i)s1n¢+¢cos¢
2

P9, 2) — (1,0, 0)

p=7tsinfd + 6 cosb
p=09
z=r

cosf — Osind



Important vector identities

) (axec)x (bxe)=c((axb)-c)

2) (axb)-(exd)=(a-c)(b-d)—(a-d)(b-c)
) x (bxe)=bla-c)—c(a-b)

) a-(bxe)=b-(ecxa)=c-(axb)

Integration formulas

Stokes’ theorem and analogous theorems

(1) //VXA v dS = /A dr
(2) //VXV(pdS /cpdr
(3) é/uxv xAdS:C/drxA

Gauss’ theorem and analogous theorems

(1) // VAdv—/ A dS
@) ///wdvf//wds
3) // VxAdv—//uxAdS

Green’s theorems

W [f[eve-evva= [[wve-pvi)-pas
Vv S
2) /V/ [wvea-avi)a

:/ (Vi) x (7 x A) — V(i - A) — (0 x (V x A)) + 09(V - A)) dS
S






